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Abstract 

In this paper we compute explicitly the norm of the vector-valued holomorphic 
discrete series representations, when its -type is “almost multiplicity-free”. As an 
application, we discuss the properties of highest weight modules, such as unitarizabil- 
ity, reducibility and composition series. 
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1 Introduction 

The purpose of this paper is to compute explicitly the norm of the vector-valued holo¬ 
morphic discrete series representations, and to study the properties of the highest weight 
modules, such as unitarizabily, reducibility and composition series. 

Let G be a simple Lie group, such that its maximal compact subgroup K has a non¬ 
discrete center. Then it is known that there exist a linear subspace p + C 0 C and a bounded 
domain D C p + such that the symmetric space G/K is diffeonrorphic to D. Therefore 
G/K becomes a complex manifold. Let (r, V) be a finite-dimensional holomorphic rep¬ 
resentation of K c , and be a suitable character of the universal covering group I\ c . 
Then we can consider the representation of the universal covering group G on the space 
of holomorphic sections of the equivariant vector bundle on G/K with fiber V <8> 

G rxT 0 {G/K,Gx k {V® X ~ X ))- 

Since D ~ G/K is contractible, this space is isomorphic to the space of V-valued holo¬ 
morphic functions on D, 


T o(G/K, G x R (V ® X - A )) ~ Q(D, V). 

Then the infinitesimal action of the Lie subalgebra p + C 0 C on 0(D,V) is given by 1st 
order differential operators with constant coefficients, and thus it annihilates constant 
functions in 0(D,V). Such representations are called the highest weight representations. 
Also, if A E M is sufficiently large, then this representation preserves an inner product 
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which is given by an explicit integral on D. Such representations are called the holomorphic 
discrete series representations. 

For example, let G := 5p(r, R), realized explicitly as 


Sp(r,M) 


15 € GL(2r, C) : g 








Then G/K = Sp(r, M)/U(r) is diffeomorphic to 

D := {w £ Sym(r,C) : I r — ww* is positive definite.}. 

Let (t,V) be a representation of K c = GL(r, C). Then the universal covering group 
G = Sp(r,M) acts on 0(D, V) by 

f(w) = det(crc + d)~ x r (*(cw + d)) / ((aw + b)(cw + g?) _1 ) . 



We note that det (cu; + d)~ A is not well-defined as a function on G x D, but is well-defined 
as a function on the universal covering space G x D. If Re A is sufficiently large, then this 
preserves the sesquilinear form 

if,h)\, T ■= i ) /2 j D (r((J- ww*)~ 1 )f(w),h(w)) T det(I-ww*) x ~ {r+l) dw, 

that is, ( T\(g)f , T\(g)h)x, T = (/, h)\ jT holds for any f,h€ 0(D, V ) with finite norms, and 
for any g € G. Therefore t\ gives a holomorphic discrete series representation of G if 
A € R and the above norm converges for some nonzero function in 0(D , V). In this case 
the corresponding Hilbert space T~L\(D , V) C 0(D , V) has the reproducing kernel 

K x , t (z,w) := det(/ r - zw*)~ X T(I r - zw *) € G(D x ZA, End(F)), 

if we choose the normalizing constant c\ suitably. When r = 1, then we have G = SW(1,1) 
and D = {w £ C : \w\ < 1}, and the action t x of 517(1,1) on O(D) reduces to the simplest 
example 

Ti ((“ d) ) /M = (<™ + <0-7 (^). 

with the invariant inner product and the reproducing kernel 

(/> h)x = ——-f f(w)h(w)(I — \w\ 2 ) x ~ 2 dw, (1.1) 

K\(z,w) = (1 — zw)~ x € 0(D x 13). (1.2) 

We return to the general case. The question of when the highest weight representations 
are unitarizable is studied by e.g. Berezin [2], Clerc [3], Vergne-Rossi and Wallach 
[28] , and completely classified by Enright-Howe-Wallach [4] and Jakobsen [T8] by different 
methods. In [ 4 ] and m they used purely algebraic methods. 

On the other hand, the analytical proof, the proof using explicit norm computation, 
was only partially successful. When the fiber (r, V) is trivial, this is studied by e.g. Hua 
mu, Upmeier [2S], and Orsted [18] . and completely done by Faraut-Koranyi [6]. However, 
vector-valued cases are not computed yet except for a few cases, e.g. the case when (r, V) 
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is a defining representation of A' c = GL(s, C) (0rsted-Zhang [TS], [2U]), and the case when 
G is of real rank 1 (Hwang-Liu-Zhang [11]). 

Now we explain how the explicit norm computation gives informations on unitarizabil- 
ity and reducibility in the simplest example. Let G = 517(1,1). Then the G-invariant 
inner product m converges for any polynomial f,h E V(C) if Re A > 1, but does not 
converge for any non-zero polynomial f,h£ V(C) if Re A < 1. Suppose /, h has a Taylor 
expansion f(w) = h(w) = '^2 rn b m w m . Then for Re A > 1, we can compute 

(/, h)\ explicitly as 


</,% = £ 


m =0 


ml 


(A), 


(l -m brn • 


where (A) m := A(A + 1) • • • (A + m — 1). This expression is available even if Re A < 1, and 
is also (g, A)-invariant. As a result, the reproducing kernel K\(z,w ) in (11.211 is expanded 
as 

K x (z,w) = (1 - zw)~ x = Y ^ z m w m . 

ml 

m =0 


This expression is also available when Re A < 1. This kernel function is positive definite if 
A > 0, and thus ( t\,0(D )) is unitarizable if A > 0. Here, when A = 0, the corresponding 
Hilbert space consists of only 0th order polynomials, and is of 1-dimensional. Also, for 
A = — l G Z<o, the sesquilinear forms 


(mu i 


E 

m =0 


mi 


(-Or 


" bn 


lim (A + /)(/? h)x = 

A ->—l 


1 ^ I 

1 ^ m - 


(1.3) 

(1.4) 


are well-defined and (g, it )-invariant on V<i{ C), the space of polynomials of order at most 
l, and on V(C)/V<i(C) respectively. Moreover (11.41) is definite. Therefore V<i(C) gives a 
(g, AT)-submodule, and V(C) gives a infinitesimally unitary (g, i7)-module. 

To compute the norm for general G, we use the AT-type decomposition of 0(D, V)k = 
V(p + ,V) instead of the Taylor expansion, fix a A-invariant norm || ■ ||jr iT on V(p + ,V) 
independent of A (see (13.2|> ). and compare || • ||^ )T and || • ||f iT on each A"-type. Let 

O(D,V) K = V(p + ,V) = 0)W i 

i 

be a A-type decomposition such that each W % is orthogonal to the others with respect to 
(■, •) f,t- Then since || ■ ||^ r and |] • ||f iT are both AMnvariant, the ratio of two norms are 
constant on W t . We denote this ratio by A*(A). Moreover, if IL) T Wj with respect to 
(•, -)f, t implies Wi T Wj with respect to (■, -)\ tT (for example, if A(p + , V) is A-multiplicity 
free), then we have 


ll/llA,r = E^( A )ll^6r (fCO(p+,V)) 

i 

where fi is the orthogonal projection of / onto Wi, and the reproducing kernel K\ tT (z,w) 
is expanded as 

K x , t (z,w ) = y^Ri(\)~ l Kj{z,w), 
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where Ki(z,w) is the reproducing kernel of Wj with respect to (■ ,-)f, t ■ Similarly to the 
SU( 1,1) case, if we compute Ri( A) explicitly, then we can determine completely when the 
representation is unitarizable, or reducible, and can get some informations on composition 
series. 

Since the above argument is available only if Wj _L Wj with respect to (-, -)f,t implies 
Wj T Wj with respect to we specialize our interest to (G, V)’s in the following 

table. 


G 

I< 

V 

Where 

Sp(r, K) 

U(r ) 

A fc (C r ) V (0 < k < r - 1 ) 

Thm 14.21 

SU(q,s ) 

S(U(q) X U(s)) 

CBU ( V': any irrep of U(s)) 

Thm 14.31 (q > s) 

Thm 15.11 (q < s) 

SO*(2s) 

U(s) 

5 fe (C s ) v 

S k ( C s ) ® det " fc / 2 (JfcGZ> 0 ) 

Thm 1431 (s even) 
Thm 15.2115.51 (s odd) 

Spino(2, n ) 

(Spin{ 2)x 
Spin(n))/h 2 

C_ fc El U( fcv .. )fcj±fc) (k G ^Z> 0 , n even) 
C- k ^ V (k . k) (k € { 0 , 5 }, n odd) 

Thm 14.71 

14) 

50(2) x 5pm(10) 

C k/2 MH k (R w ) (fc € Z> 0 ) 

Prop 15.81 Coni 15.111 

E 7(-25) 

50(2) x Eq 

C 

Already done in [7] 


In the above cases, except for G = SU(q,s) case, T > (p + 1 V) is multiplicity-free under 
K, which is proved by direct computation of I\- type decomposition. We can also prove 
multiplicity-freeness a priori by using [2] Theorem 2], In G = SU(q,s ) case, V(p + ,V) is 
not multiplicity-free in general, but each A'-isotypic component sits in a single polynomial 
space, and thus the arguments explained above is still available. 

When G is of tube type or G = SU(q, s ) with q > s, which we deal with in Section 4, 
we can compute the norm in a uniform way, by generalizing the technique used by Faraut- 
Koranyi [7J. For these cases, the fibers V in the above table satisfy the condition that they 
remain irreducible even if restricted to some subgroup Kj j of K, and this condition allows 
us to compute the norm explicitly. The same condition also appears in e.g. [12]. In 
these papers they got some necessary condition on the unitarizability of highest weight 
representations, by considering when the reproducing kernel on the tube domain becomes 
a Laplace transform of some measure. Under the assumption that V\k l is irreducible, the 
necessary and sufficient condition is also computable, and therefore this assumption seems 
to be natural. 

However, when G is of non-tube type, there is no such uniform way to compute the 
norm at this time, and we do this by purely case-by-case analysis. For example, we use an 
embedding of G into a larger group, or use an embedding of some smaller subgroup into 
G. We deal with such cases in Section 5. 

We enumerate the main results of this paper. 

Theorem 1.1 (Theorem 14. 2|) . When G = Sp(r,M), and (r, V) = (r^ + ... +£fc , V^ + ... +£fc ), 
|| • ||| T converges if ReA > r, the K-type decomposition of 0 (D,V)k is given by 

V(p+) g F e ©.. +ei = © © r 2 v m+ k, 

mGZ; + k£{0,l} r , |k|=fc 
m+kEZ^_ 
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and for f E 7 2 m+ k > ratio of norms is given by 


\ t-V 

’ e lH-l" £ fc 

2 

F T V 

5 e lH-He/fc 


n‘„ (a - \a - 1 )) 
n;,i 


nju (a - m - 1)+ i) mj+k ^ n;. t+ . (a - \a - D) mj+tj 

Theorem 1.2 (Theorem 14.3115.1)) . (Then G = SU(q,s), and (r. V) = ( 1 ^ Klr^, CigiV^) 
(k G Z+ + ), ||-III,, converges i/ReA+fc s > q+s — 1, the K-type decomposition of 0 (D,V)k 
is given by 

V(p + ) ®(cs v^>) = © © < m v4 9)v b i4 s) , 

mGZj__|_ nGm+wt(k) 

and for f G I'm )V IKI V'n^, the ratio o/ norms is given by 


a,i(9)ki 4 s) n)=i(-^ - (j - l))fc 3 - 


■ l(g)K i T w n,=i(A ( j 1 ))nj n,=i(A {j 1 ) + kj) nj -k 

’ ' k 


Theorem 1.3 (Theorem 14.51) . When G = SO*(4r), and (r, V) = (r^, 0 o)’^(fco o))’ 
|| • ||| T converges i/Re A > 4r — 3, the K-type decomposition of 0(D, V)k is given by 


P(p + )< 8 > R ( fc i0i ... i0) - ® ® 


V, v 


(mi +&i, mi, m2+A:2, m2,. ..,m r +/c r ,m r ) ’ 


mGZ; + kG(Z> 0 ) r , |k|=fc 
0<kj<mj—i—rrij 


and for f G ^ 1+fcli , ?llim2+fc2im2i ... imr+fcrimr) , the ratio of norms is given by 
|2 


A r v 

A,T (k, 0,...,0) 

2 

Fr v 

r ’ T (fc,0,...,0) 


(A)a 


1 


n#=i(A 2 (j l)) m ._|_^ (A + fc) mi +fc 1 _/ c n;= 2 (A 2 (j l))m,+fej 


(Then G = SO*(4r), and (r,V) = {r^ k/2j ^ k/2} _ k/2) , V^ /2 ^ >k/2 _ k/2) ), || ■ ||£ jT converges 
i/Re A > 4r — 3, the K-type decomposition of 0 (D,V)k is given by 


v{p + )®v^ .*,_*) - © © 

mGZ r ++ kG(Z> 0 ) r , |k|=fc 
0 < kj < m j — rrij _j_1 


v. 




and for f G V. v , , , . /k k\, the ratio of norms is given by 

n;=i(A- 2 (/-i)) fc 


2 

A- v 


( fc /2 . fc / 2 , — fc / 2 ) 


2 

_ p^ v 


(fc/2,...,fc/2,-fc/2) 


n,-=l(A 2(j l))mj—fcj+fc 


IE=i(A + A’ — 2 (j — l)) mj -fe J (A — 2(r — l)) mr -kr+fc 

Theorem 1.4 (Theorem l5. 2115.51) . (Then G = 50*(4r+2) and (r, T ) = (r^. 0 Q ,, V2 q 0 ^), 
|| • ||| T converges i/Re A > 4r — 1 ; the K-type decomposition of 0 (D,V)k is given by 


'P{p + )®V( kfi ^~ © © 


V 


(mi-j-ki ,mi ,m 2 ~hk 2 ,7722.,m r -hk r ,m r ,k r -\-i) ’ 


mGZ r ++ ke(Z> 0 ) r+ 1 ;|k|=/c 

0 </cj <mj—\—mj 
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and for f E the ratio of norms is given by 

(A)fc 


\ -V 

A ’ T (fc,0,...,0 

2 

F,- v 


(fc,0,...,0) 


U r (X-2(j-l)) mj+kj (X-2r) k: 


r+1 


1 


(A + k) mi -\-ki—k rTj= 21 ))m,j+kj(^ 2 r + r+1 

When G = SO* (4?’ + 2) and (t,V) = {tf k/2 ^ k/2 _ k/2) , V$ /2)m>fc/2 _ fc/2) ), 11 - l|2 


r v T/V 

(fc/2,...,fc/2,-fc/2)> Rfc 

verges i/Re A > 4r — 1, f/ie K-type decomposition of 0(D, V)k is given by 


X ,T 


con- 


V(P + )®V^- © © 


V, 


v 


mSZ; + kG(Z> 0 ) r + 1 ;|k|=fc 
[Xkj <mj — 

0 <k r <m r 


(mi,mi—ki,m2,m2—k2,..;m r ,m r —kr,—k r -\-i)+(^,...,^y 


and for f G V/ , , , , N , *. x, t/ie ra£zo of norms is qiven by 

(mi,m 1 -ki,rn2,m2-k2,...,m r ,m r -k r -k r+1 )+{£,...,£ ) 


2 

A T V 

/ ' ,, (fc/2,...,fc/2 ) —fc/2) 
2 

Fr v 

’ (k/ 2 ,...,k/ 2 , — k/ 2 ) 


uu ( A - 2 (J - l))z 


n.; : =i (A - 2(j - l)) m ._ fc . +fc (A - 2 r + l) fc _ 


\7 

1 


K r + 1 


rij=i (A + k - 2 (j - l)) mj ._ fcj . (A - 2 ?’ + l) k _ kr+1 

Theorem 1.5 (Theorem 14. 71) . When G = Spino(2,n) and 

( F) = I ^ T (k,...,k,±k)X-k <S) R(fc (fc € ^Z>o) ( n : even), 

1 J 1 (x _fc Kl 7- (fc . fe) , C_ fc <8) R( fc ,...,fc)) (k = 0, A) (n\odd), 


I A,r 


converges i/Re A > n — 1, t/ie K-type decomposition of 0 (D,V)k is given by 


V{p + )®V 


G) G) ^-(mi+m2+t) ^ ^(mi- m2+l,k,...,k,zkl) • aven), 

meZi, —k<l<k 

m\— rri 2 -\-l'>k 

^-(mi+m2+fc) ^ ^(mi-rri2H-Z,/c,...,/c,|Z|) • odd ), 

mGZ© -k<l<k 

, 777-1— 77l2+/>fc 


and for f G ^ ^(7771 — 7772+^,&,...,&,+£) ^ (mi+7772+A;) ^ ^(7771 — tt 72 +Z,A;,...,/c,|Z|)j 

ra£io of norms is given by 

ll/lljr = _(A+_ = _ 1 _ 

Wf\\F,T (A)mi+fc+i (A —) m2+k -i (A + 2 k) mi _ k+ i (A — ) m2+fc _; 

We also state the conjecture on i?6(-i4) i n Section 15.51 From these theorems we can 
get informations on unitarizability, reducibility and composition series. 

This paper is organized as follows. In Section 2 we prepare some notations and review 
some facts on Lie algebras of Hermitian type and Jordan triple systems. In Section 3 we 
state and prove the theorems (Theorem 13.11 Corollary 13.41) which plays a key role in this 
paper. In Section 4 and 5 we compute the norm explicitly. In Section 4 we deal with the 
cases that the norm is computable directly from the theorem in Section 3, and in Section 
5 we deal with the cases that need more techniques. In Section 6 we apply the results on 
norm computation to the problems on unitarizabily, reducibility and composition series. 
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2 Preliminaries 


2.1 Root decomposition 


Let g = t©p be a simple Hermitian Lie algebra, that is, the maximal compact part t has a 
1-dimensional center. We take an element z from the center of t such that the eigenvalues 
of ad (z) are +y/—\, 0 , —^—1, and let 

0 C = p + ©t c ©p~ 

be the corresponding eigenspace decomposition. We denote the Cartan involution of g c 
(the anti-holomorphic extension of the Cartan involution on g) by d. Then p + has a 
Hermitian Jordan triple system structure with the product 

(x,y,z) i—» {x,y,z} := -^[[x, dy\, z\, x,y,z G p + . 

We take a maximal abelian subalgebra 1) C {. Then fi c becomes simaltaneously a Cartan 
subalgebra of both and g c . Let A = A(g c ,() c ) be the root system. We denote by 
A p ±, A^ the all roots a such that the corresponding root space g„ is contained in p 1 * 1 , t c 
respectively. Also, we take a positive root system A + = A + (g c , f) c ) such that A p + c A+, 
and we denote A f c + := A f c fl A + . We set n := dimp + , r := rank® 0 . 

We take the set of strongly orthogonal roots { 71 ,..., 7 r } C A p + such that 

(1) 71 is the highest root in A p +, 

(2) 7 ^ is the root in A p + which is highest among the roots strongly orthogonal to each 
7 j with 1 < j < k — 1 , 

and for each j, we take e 3 € g£ such that — [[e,, dej],ej\ = 2 ej. Then a := ®j = 1 M(ej — 
•dej) C p is a maximal abelian subalgebra in p, and {e\,... ,e r } is a Jordan frame on p + . 
We set e := Y^j=\ e j ^ P + ( a maximal tripotent), and h := — [e,de] € Then ad(h) 

has eigenvalues 2,1,0,—1,-2. We set 

p± := {x G p 1 * 1 : [h,x] = ±2x} C p ± , 

«T : = [Pt, Pi] C t C , 

0t := Pt © © Pt> 

0t := 0tC0- 


Then, becomes a complex simple Jordan algebra with the product 


X ■ y := {x,e,y} 


~^[[x,i3e\,y\, 


( 2 . 1 ) 


and gx becomes a Lie algebra of tube type. 

We define the Cayley transform c : g c —>• g c by c := Ad(e^ ( ' e_1?e ^), and set c g := c(g), 
c 0t := c(gx). Then c gx C g-f is fixed by the involution ad := Ad(e^^ e+ ' de " > ) o d. By direct 
computation we have 


0 "#|p+ = ^ad(e) 2 o d : p^ —» p£, 
or^c = (id|C + ad(e)ad(de)) o d : 

ad\ p - = - ad(de ) 2 o d : p^ —> p^. 
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That is, at) preserves the grading. Therefore we denote 


c 0t — © I © tl C prp © © prp — Qp. 

Then the real form n + of p T becomes a Euclidean simple Jordan algebra. 

We set at := c(a) = (~l 1 = 0' =1 1 Rhj, where hj := — [ej , •dej]. Then the restricted 

root system £ = £( c 0, ct[) is given by 


£ = < 


“7 k) 


(as above) U < ±- 7 j 


. 1 < j, k < r, 

a[ i / ^ j 

i l 

: 1 < j < r 


u 1 ±o(7j +7fc) 


: 1 < j < k < r } (0 = 0 T ), 


0 [ 


(0 / 0t). 


We define the positive restricted roots £ + by 


£+ = < 




1 


■ l<j<k<r}u{ -( 7 j + 7 fc) 


: 1 < J < & < r- ^ (0 = 0 T ), 


0 | 


1 


(as above) U < - 7 j 


: 1 < j < r 


(0 / 0t)- 


Then £ + and A + are compatible, that is, a G A + implies a| n| G E + U {0}. We set 

Ijk ■■= jx G c 0 t : ad(H)X = ^( 7 j - ^ k )(H)X for any H E a, j (1 < J, k < r, j / fe), 
rri[ := jx G c 0 x : ad(H)X = 0 for any H G ai| , 

n^. := jx G C 0 T : ad(H)X = ±^( 7 ,■ + 7 k)(H)X for any H G a ( j (1 < j < & < r), 

(1 < j < k < r), 


P% : = ( n %f 


Poj := € P ± : ad{H)X = ±^j(5)X for any H G a, j (1 < j < r), 


and 


:= = {X G ( : dX = Ad{e^ e+i)e) )X = X}, 


n, := 


© G 


l<fe<j<r 


Then we have 


1 = ci[ © m © G © 0 [ © n ( , 

j¥=k 

n± = © Pt= © Pffc. P ±= © Pffc- 

l<?<fc<r 0<?‘</c<r 

(j,fc)#(0,0) 

The decomposition n + = 0j<fc n pe or P + = 0j<fc P^-i coincides with the Peirce decom¬ 
position of the Jordan algebra n + , or the Jordan triple system p + , with respect to the 
Jordan frame {ei,..., e r }. We set d := dime p^, b := dime p^, and ut '■= dime plji. Then 
n = r + \r(r — 1 )d + 6 ?’ and nx = r + \r{r — 1 )d holds. Also we set p := 2 + (r — 1 )d + b. 



Throughout this paper, let G c be a connected complex Lie group with Lie algebra g c , 
and let G , c Gt , K, K c , be the connected Lie subgroups with Lie algebras g, c gx, L t c , 
respectively. Also we set L := K c n c Gt, Kl '■= K n L (possibly non-connected, with Lie 
algebras 1,fy), let Al,N"£ be the connected Lie subgroups of L with Lie algebras ar,nf 
respectively, and let Ml the centralizer of ci[ in Kl- 
We write 


x := aPx = ~ad(e) 2 (fix) (x G p^), 

r := -M ( l G t C ), 

H := — al = — (idjc + ad{e)ad(jde)){l) ( l G l>f)> 

l := aM = (idjc + ad{e)ad{de)) (l G f^f). 


Then these are (anti-)involutions on piji, t c and $£, which preserves n + , 6, (f[) c and ( 
respectively. Also, we denote by the same symbols *, t and the corresponding (anti- 
involutions on K c and Kj. Also, for x € p + and l G K c or t c , we abbreviate Ad(l)x or 
ad(l)x as lx. 

2.2 Some operations and polynomials on Jordan algebras 

As in the previous subsection, p + has a Jordan triple system structure, and piji,n + has 
a Jordan algebra structure. For x,y G p + , we define x\Dy, B(x,y) G End<c(p + ) by, for 
zGp+, 

(xUy)z \= {x,y,z} = ad([x,dy])z , 

B(x, y)z :=x~ 2{x , y, zj + {x, {y, z , y}, x} = (^I p + + ad([x, dy\) + ^ad(x) 2 ad(-dy) 2 ^j z. 

These depends holomorphically on x, and anti-holomorphically on y. Also, for x G p T , we 
define L(x),P(x) G Endc(p^) by, for y G p^, 

L(x)y := xy = ad([x,de])y , 

P(x)y := 2 x(xy) — ( x 2 )y = -j- ad(x) 2 ad(de) 2 y. 

Then for x, y G p + and l G K c , 

1x0(1*)-^ = l{xUy)l ~ l , 

B(lx,(l*)- 1 y) = lB{x,y)r 1 


holds, and for x G p^, l G /Tf, 


P(Z®) = /P(x)% 
2?(®,x)| p + = P(e - x 2 ) 


holds. We define an inner product (-|-) on p + by 


(x\y) 


2 , 

- Tr (xDy : p + —>• p + ). 
P 
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Then for l G A , ( lx\y) = ( x\l*y ) holds. This inner product is proportional to the 
restriction of the Killing form on g c to p + x p~, under the identification of p + and p~ 
through d. Also, let tr(x), det(x) be the trace and determinant polynomials of the Jordan 
algebra piji, and let h(x , y ) be the generic norm of the Jordan triple system p + . Then these 
polynomials are expressed by 

— tr(x) = Tr(L(x) : p^ —> p^), 

(det(x)) 2nT / r = Det(P(x) : piji -> piji), 

0 Hx,y)) p = Det (B(x,y) : p + -» p + ). 

tr(x) is a linear form satisfying tr(x) = (x|e), and det(x), h(x, y) are polynomials of degree 
r with respect to each variable. These polynomials satisfy 

det(7x) = det(Ze) det(x) (l G K^, x G p^), 

h(lx, (l*)~ 1 y) = h(x, y) ( l € K c , x, y € p + ), 

h(x,x) = det(e — x 2 ) (x € p^). 

From now we abbreviate B(x,x) = B(x), h(x,x) = h(x), and (x|x) = |x | 2 for x € p + . 
Then B{x) is self-adjoint on p + , and therefore h{x) is real-valued. Also we set 

n := {x 2 € n + : x € n + , det(x) / 0}, 

D := (connected componet of {tc G p + : h(w) > 0} which contains 0). 

Then L acts on S7 by linear transformation, and G acts on D C p + via Borel embedding, 
which we will review later. Moreover we have 

n ~ L/K l , D ~ G/K. 

For x € U, P(x) is positive definite on n + , and there exists a unique element l € exp(K ,|? ) C 
L such that P(x) = Ad(l )| n +. We denote such l € L by the same P(x). Similarly, for 
z,w £ D , B(z,w) is invertible on p + , and there exists an element l G K c such that 
B(z,w ) = Ad(l) | p +. So we define the holomorphic map B : D x D —>• /i c (with the same 
symbol B) such that Ad(B(z,w)) | p + = B(z,w) and B(0, 0) = 1. Clearly P(x) and B(z,w) 
are also well-defined as elements of the universal covering groups L, /i c . 

Now we recall the Peirce decomposition 

P + = © Pjfe- 

0<j<k<r 

0 , 0 ) 

We set 

Pj) := ® Pj 

L<j<k<l 

for l = 1,2,..., r. Then each p^ is again a unital Jordan algebra. For each l, let det(j) be 
the determinant polynomial of p^, Pi : p + —> p^ be the orthogonal projection, and we 
set 

A;(x) := det( 7 )(P;(x)). 

For l = r we also write 

A(x) = A r (x) = det(x). 
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Using these, for s = (si ,... ,s r ) € C r , we set 

A s (x) := Ai(x) s 1 -' 2 A 2 (x ) S2 - S3 • • • A r _i(x) Sr - 1_Sr A r (x) Sr . 

If m E Z r and m-i > m 2 > ■ ■ ■ > m r > 0, then A m is a polynomial of degree m\ + • • • + m r . 
We denote this condition by ZIj_ + : 

Z+ 1 := {m = (mi,..., m r ) E Z r : mi > ■ ■ ■ > m r > 0}. 

For later use, we prepare another set Z+: 

Z(J_ := {m = (mi,..., m r ) E Z r : mi > • • • > m r }. 

Now for q E (MlAlN ^) c , since g preserves each pA, we have 

A s (gx) = A s (ge)A s (x). 

That is, for any m, A m is a lowest weight vector with lowest weight —mi 7 i — • • • — m r y r 
under the representation 

L —► End(iP(p + )), l —► (/(x) —»■ /(r 1 *)) 

where T , (p + ) denotes the space of all holomorphic polynials on p + . In fact, we have 
Theorem 2.1 (Hua-Kostant-Schmid, j5j Part III, Theorem V.2.1]). 

V(p + )= © P m (p + ) 

where i/ie irreducible representation of K c with lowest weight —mi 71 — • • • — 

m r y r . 

We quote another theorem here. 

Theorem 2.2 (JTl Theorem XII.2.2]). T/ie irreducible representation V of L has a Kin¬ 
fixed vector if and only if the lowest weight —A is of the form —A = — m .171 — • • • — m r y r 
with (mi,..., m r ) E Zf_. 

For l = 0,1,..., r we set 

O r .= Ad{K c )(e 1 + --- + e l )cp + . ( 2 . 2 ) 

Then K {C acts on each Oi transitively, and we have the orbit decomposition 

p+ = O 0 U Ox U • • • U O r . 

For each orbit Oi, its closure Oi is given by 

^ = o o u 0 iU'--uOi. 

Also, since the polynomial A; + i(x) vanishes on Oi, the polynomial space on Oi decomposes 
under A' c as 

m) = © ^m(P + ). (2.3) 

mez^ + 

m i + i = m i+2 =---=0 
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Each orbit Oi has the dimension 


dime Oi = l + -Z(2r — ^ — l)d + lb 


(2.4) 


since the tangent space of Oi at e\ + • • • + e; is given by 


T ei+ ... +e ,Oi - (J) p+ fc . 

0<j<k<r 

0 , 0 ) 

Now we recall the generalized Gamma function, which was introduced by Gindikin [8]. 
For s E C n this is defined as 

r n (s) := [ E tr WA s (x)A (x)-^dx. 

Jn 

This integral converges if Res^ > (j — 1)^, and we have the following equality 


rn(s) = (27r)^n r (^-(i-l) 

3= 1 


m Corollary VII. 1.3]), and this is meromorphically extended on C n . Also we denote 


/ \ Tn(s + m) tt / / . ~t \ 


For s = (A,..., A), we abbreviate (A,... , A) =: A. For example, we denote 

Fn((A, • • •, A)) = r n (A), ((A,..., A)) m = = (A)m ' 


3 Norm computation: General theory 

3.1 Holomorphic discrete series representation 

In this subsection we recall the explicit realization of the holomorphic series representation 
of the universal covering group G. First we recall the Borel embedding. 


G/K 

i 

i? 

Y 

£><- 


G C /K C P~ 

exp 

-^p+ 


We consider maps tt + : G x D —x D C p + , n : G x D — x K c , tt :Gx£)->p such that 

gexp(w) = exp(TT + (g, w))K(g,w)exp(TT~(g,w)) (g eG,w € D). 

Then tt + gives the action of G on D, so we abbreviate t r + (g,w) =: gw. On K C G this 
coincides with the adjoint action. Also, k satisfies the cocycle condition 

n(gh,w) = n(g, hw)n(h,w) ( g,h E G, w E D), 
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and for k £ if, n(k,w) = k holds. Ad(n(g, w))\ p + £ End(p + ) coincides with the tangent 
map of w i->- gw = n + (g, w) at w £ p + . We naturally lift n to the universal covering group, 
and we denote this map by the same symbol k : G x D —>• if . 

Let (t,V) be a finite dimensional irreducible complex representation of if , and we 
fix a if-invariant inner product (•, -) T on V. Also, let be the character of if c such that 
x(fc) A = Det(Ad(k)\p+) x / p . We consider the space of holomorphic sections 

r 0 (g/k,Gx r (v®x~ x ))- 

Then since G/K ~ D is contractible, this is isomorphic to 0(D, V), the space of U-valued 
holomorphic functions. Under this identification, the natural action t\ of G on 0(D,V) 
is written as 

r\(g)f{w) = x(/<9 _1 ,w))M«(3 _ \w)) _1 /(s -1 w) (g £ G,w £ D, f £ 0{D,V)). 

Its differential representation is given by, for u + l — dv £ p + © l c © p^ = g c , 
dr\(u + l — , &v)f{w ) = — A dx(l + [w, dv])f(w) + dr(l + [w, , &v])f(w) 

H—— / fw — t fu + ad(l)w - ad(w) 2 'dv 

dt i=0 V V 2 

Then since n{g , w)B(w)n(g , w)* = B(gw) holds for any g £ G, w £ D (see [Tf), Lemma 
2.11]), this action preserves the following weighted Bergman inner product 

ifg)\,T ■= ^ J (T(B{w)~ 1 )f(w),g(w)) r h(w) x ~ p dw (/, g£C(D, V)), (3.1) 

where c\ is a constant defined such that ||u||a, t = Mr holds for any constant functions 
z i->- v £ V (i.e. for any element of the minimal if-type). Let 7i\(D,V) C 0(D,V ) 
be the unitary subrepresentation of G under t\. Then 'H\(D,V) is non-zero if A £ R is 
sufficiently large so that the above inner product converges. On the other hand, we cannot 
know a priori whether 7t\(D, V ) is zero or non-zero if A is small. In any case, if V ) 

is non-zero, the reproducing kernel is proportional to K^ e x tT (z,w), where 

K\ t {z,w ) := h(z,w)~ X T(B(z,w )) £ 0(D x D,End(U)). 

This is because the reproducing kernel K(z,w) is characterized by 

X(«(S, z)) X T(n{g, z))~ 1 K{gz, gw)r(K(g, w))*~ 1 x(i^(g, w)) x = K(z, w), 

and such K(z, w) is unique up to constant multiple, since G acts transitively on the totally 
real submanifold diag(D) C D x D, which allows the value at origin if (0,0) to determine 
the whole K(z,w), and if (0,0) £ End(U) is proportional to identity since this commutes 
with if-action. When A £ M is sufficiently large, then the reproducing kernel corresponding 
to the inner product (13.11) is precisely K\ jT (z,w) by the normalization assumption. 

3.2 Key theorem 

The norm || • ||^ T in the previous subsection is G-invariant, and therefore if-invariant. 
From now on we observe how the norm varies as the parameter A varies on each if-type. 
In order to compare, we consider another if-invariant norm which is independent of A. 
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We recall the Fischer inner product (•, -)f,t on V(p + , V ), the space of T-valued holo- 
morphic polynomials on p + . 

(f,g)F, T ■= \ [ {f(w),g{w)) T e~^dw (/, g G V{p + , V)). (3.2) 

F n J p + 

This inner product is invariant under the following representation (f, V{p + , T)): 

( r(k)f ) (w) := r(k)f(k~ 1 w) (k € K C , f € A(p + , T), u; € p + ), 

that is, ( f{k)f,g)F, T = (/, r (&*)</) p ;T holds. Let IT C T’(p + ,F) = 0(D,V)k be a K c - 
irreducible subspace. Then since both || • || f,t and || • ||a,t are IT invariant. the ratio of these 
two norms are constant on IT. Therefore we aim to compute this ratio of two norms. 

In order to state the key theorem, we prepare some notations. Let 

(fV)\ k c=Q)(t 1 ,V 1 ) 

i 

be the decomposition of the A' c -module (r, V) into A'y'-irreducible submodules, and for 
each i we denote by (f,;, V)) the complex conjugate representation of V) with respect to the 
real form L C K-f, that is, there exists a conjugate linear isomorphism 7 : V) —>• V), and f t 
is given by f i(l)v = Ti{l)v. Let 

rest : V(p + , V ) V(p+,V) = © 7>(p+ V-) 

i 

be the restriction map, and for each i we take Alp-submodules ITjj C V(pif, Vj) such that 

rest (IT) C © © w v 

i 3 


holds. 


Theorem 3.1. Let (r, T)|^-c = ©,;(©, Vf), and suppose each (r*, Vf) has a restricted lowest 

_ ttilLry 

+ 2 ' r l i „ 

i ai 


weight — 


kj,i . , 

"2"7l + 


Let IT C R(p + ,T) 6 e a -irreducible subspace, with 


rest(IT) C 0, 0 y IT^ C ® t R(p as above. We assume 
(Al) (ji, Vi)\x L still remains irreducible for each i. 


(A2) For each i,j, all the K^-spherical irreducible subspaces in W,j <g> V) have the same 
lowest weight — (n^ 171 + • • • + 7 r ). 

T/ien the integral ||/||| T converges for any f £ IT i/Re(A)+fcj jr > p—1 /or alii. Moreover, 
there exist non-negative integers such that, for any f £ IT, 


where 


WfWlr C A v r a (A + ki - 2) 
ll/lllvr r ^ A + n b) 


-1 


1 

dimT 


y^(dim T) 


ro (A + k. t - s) 

rnCA + ki) 
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In the rest of this section we prove this theorem. We set ||/||| r /||/|||’ r =: Rw(^) for 
/ G W, and compute this ratio Rw(ty- 

Let Kw(z,w) G V{p + x p+, End(E)) be the reproducing kernel of W with respect to 
(-, -)f,ti that is, for an orthonormal basis {/*} of W with respect to (-, -)f,t, 


Kw(z, := y^(v, fi(w)) T fi(z ) (v € V), 

i 


which does not depend on the choice of {/*}. Then the ratio Rw(\) is computed as 


RwW = 


cxJZ [ 1 )/j,/i) T /i(u;) A p dw 

i Jd _ 

Y [ (fi’fi)T e ~^ 2 dw 

i J P + 

c\ f Try [t(B(w)~ 1 )I\w('w, w)~) h(iv) x ~ p dw 


Ti 'v(Kw(w,w))e fol dw 


and if the numerator converges, then ||/ ? ;||| r converges for any i, and so does ||/||| T for 
any / G W. To proceed the computation, we use the following lemma. 

Lemma 3.2. For any integrable, or non-negative-valued measurable function f on p+, we 
have 

- 4 / f{w)dw = 1 / [ f{kx^)A(x) b dkdx, 

7T J P + r n (2) j n j K 

where x% is the square root with respect to the Jordan algebra structure m on C n + . 

Proof. For tube type case ( b = 0) see [7J Proposition X.3.4], Even for b / 0 case we can 
prove this similarly. □ 

Since the integrand of R\y(X) is non-negative-valued, by this lemma, this is equal to 


RwW 


CX J 

r 1 

Qn(e-H) J 

f Try | 
K 

{r(B(kxz) 1 )Kw(kxi , kx*)) 

\h{kx^) x p A(x) b dkdx 


fl 

f Try (Kw(kxi, kx*)) e \ kx ^\ 2 A (x) b dkdx 


Jn JK 

Since the reproducing kernel satisfies 


K\v(kz,k* 1 w) = T(k)K\y(z,w)T(k x ) (z, w G p + , k G K c ), 

we have, 

Kw(kxz ,kx?) = T(k)K\y(P(x~4 )x, P(x^)e)r(k~ 1 ) 

= r(fc)r(P(i"4))AV(r, e)r(P(r4))r(E 1 ) (x G fl,k G K ). 

Therefore we have 

Try ^Kw(kx5 , hx*)^ = TV v (K w (x,e)). 
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Also, since k l B{kx 2 ) 1 k = B(x 2 ) 1 = P(e—x) 1 and P(e—x) 1 commutes with P(x 4 ), 
we have 

Try (r(B(kx2)~ 1 )Kw(kx2 , kx?)^ = Try (r(P(e — x) _1 )Avy (x, e)) . 

By these and h(kx 2 ) = A(e — x), |/cx 2 1 2 = tr(x), we have 

ca f Try (r(P(e — x) _1 )AV(x, e)) A(e — x) x ~ p A(x) b dx 
/ \ \ ** f2n(6—fi) 

nw{A) = -7-• 

/ Tr v (K w (x,e))e- tr ^A(x) b dx 

Jo. 

By the assumption, we can rewrite K\y{z, w ) by using Ayy. (z, w), the reproducing kernels 

I ■' 

of Wij, when z,w €E 

K w (z, w) = ^d ijK Wij (z,w) € P(p^ x p^,End(F)) (z,w € p^), 
ij 

using some non-negative numbers dy. Therefore we have 


Rw(X) = 


Now we set 


caE%' f Try (n(P(e - x) 1 )K Wij (x,e)) A(e - x) x p A(x) b dx 
ij Jtt n(e-Q) 

E%' f Try (K Wij (x, e))e~ tT ^ A(x) b dx 


v 


Bij(X) := [ Try (r ? :(P(e — x) l )K Wij (x, e)) A(e - x) A p A(x) b dx, 

Jor(e-0) 

Tjj := ( Tr Vi (K Wij (x,e))e~ tT< ' x) A(x) b dx 
Jo 

so that Piy (A) = c A (Eij a ij B ij (X) S j J d^T^J . Now, we regard Ahyy (x, e) € P(p^, End(Ej)) 
as a function of x. We define the action f* of Aj? on P(p^, End(V))) by 

(f i(k)F)(x) := T i (k)F(k~ 1 x)T i ( t k) (k € Ap,P G P(p£, End(V*)), x G p£). 

Then Ajy. (x, e) is A/y invariant under fy Now we identify 

(A,P(p^,End(Ei))) ~ (f| K c 0 fi,P(pjb T)) 0 hi). 


Then under this identification ATjy . (x, e) sits in Wij 0 V), and therefore by (A2) this sits 
in the space with lowest weight — (n .171 + • • • + n r j r ). That is, there exists a function 
Fij € P(piji, End(Vi)) such that 

(fi(q)Fij)(x) = A nij (q~ 1 e)F ij (x) (q G A L N£,x£ p^), 

[ (f(k)F i:j )(x)dk = K Wij (x,e). 

Jk l 

We note that / i (f(k)F lJ )(x)dk is non-zero for any non-zero JV^-fixed vector F^, since 
we have (F^, Ajy. (-, e)) r / 0, which is proved by using the Iwasawa decomposition A = 
K L A L N-. 
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From now, we compute Bij{ A) formally, allowing variable changes. By using Fij, we 
rewrite Bij(X) and T tJ . 

Bij( A) = f Tr Vi (n(P(e - x)~ 1 )F ij (x )) A(e - x) x ~ p A{x) b dx, 

Jnn(e-n) 

T tj := f Tr Vi (F i:j (x))e- tT WA(x) b dx. 


in 


We set 


I{y) := [ Tr Vi {Ti(P(y-x) 1 )F ij (x)) A(y - x) x p A(x) b dx (3.3) 


/On(y-Q) 

so that /(e) = Bij( A). We take q G AlN£ such that y = qe, and set x = gz. Then 

/(?/)= f Try (■ n(P(q.(e - z))~ l )F ij (qz)) A(q.{e - z)) X ~ p A(qz) b A(qe)^dz 

Jnn(e-n) 


'fifl(e-Q) 


Tr Vi (r,(V 1 )r i (P(e - s) -1 )^- 1 )^*)) A(e - z^Atz^A^e^+^dz 

= / Try, (rj(P(e - z) -1 )/^- (z)) A nij (qe) A(e - z) A_p A(z) 6 A((/e) A ? dz 

/nn(e-n) 

= I(e)A nij (y)A(y) x -— = B ij (X)A x+nij {y)A(y)-—. 

Now we calculate J^I(y)e~ tT ^dy by two ways. 

[ I(y)e- tr ^dy = B tj ( A) / e" tr ^A A+n ., . (y)A(y)~^dy = 5 ij -(A)r n (A + n^), 

J Q J Q 

[ I(y)e~ tr ^dy = f( Ti Vi {ri(P(y - x)~ 1 )F ij (x)) A(y - x) x ~ p A(x) b dxdy 

JQ J J a?Ef2 

= [[ e -uls+z) (r i (P(z)~ 1 )Fi j (x)') A{z) x ~ p A{x) b dxdz 

J Jx£n,zen 

= Try ( [ e- u ^T i {P{z)- 1 )A{z) x - p dz [ e-^ x) F ij {x)A(x) b dx] . 

\Jn Jn J 

Therefore, formally 

Bij(X)Tn(X + nij) = Try f f e~ T i(P(z)- 1 )A(z) x ~ p dz [ e~ t ^F ij {x)A{x) b dx\ 

\Jn Jn ) 

holds. By Fubini’s theorem, variable changes are verified and the above equality exactly 
holds if 

[[ e - tT(x+z) |Try (ri(P(z)~ 1 )Fij(x)) \ A(z) Re(A) " p A(x) 6 dxdz < oo 

J Jx&n,zen 

is verified, and since all norms on the finite-dimensional vector space End(V)) are equiva¬ 
lent, this holds if 


e ~ tr(z) |r ? :(P(z)- 1 )| ri 0p A (z) R ^~ p dz < oo, 
f e' tr(a;) |-Fy(x)| T . i0p A(x) b dx < oo 


(3.4) 

(3.5) 
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hold, where | • | Tii0p denotes the operator norm. Since 

| (Fij(x)u,v) 


\Fy(x)\ = max 

I L J V / lr,-,OD — t /■ \ r 


holds and ( Fij{x)u,v) T is a polynomial on FI for any u,v € Vi, (13.511 exactly holds. Also, 
since Tj(P(z) _1 ) is self-adjoint and positive definite for z € 17, we have 


I Ti(P(z) 1 )| = max 

1 v ,Ti ’ op ueVAfo} 


| (n{P(z) ^u) 


\U : 


and elements v G V, such that 


[ e- tr ^ | (Ti(P(z)~ 1 )v, v) n | A(z) Re ^ x ^ p dz < oo 

./n 


(3.6) 


forms a /^-invariant vector subspace, by the triangle inequality and the /\£-invariance 
of the integral. By assumption (Al), such vector subspace is either V) or {0}. Thus (|3.4|) 
holds if and only if (|3.6D holds for some non-zero v € Vi. Moreover, again by assumption 
(Al), the integral 

T'(A) := [ e~Ti(P(z)~ 1 )A(z) x ~ p dz (3.7) 

Jn 

is proportional to the identity operator Iy. if (13.61) holds, since this T'(A) commutes with 
A^-action. Now we prove (|3.6D for v € V) lowest weight vector, assuming Re(A) + k^ r > 

p — 1. Since the restricted lowest weight of V) is — %^7i — • • • — ^ L 'y r , for q € 

0 [ 

we have 

(T i (P{qe)~ 1 )v,v) Ti = (T i ( t q- 1 q- 1 )v,v) Ti = |Ti(g _1 )i;|* = A _^{q~ l e) 2 \v\ 2 T . = A kz {qe)\v\ 2 T ., 

2 

and this is positive valued. Therefore we have 

(r'(A)»,»), = [ f*M(r,|P(<r 1 K*),4W‘-'i 

= f e~ tl ^A ki (z)A(z) x ~r~~?'dz\v\ 2 . 


— Tq (A + k 2 ; — 


n 


(3.8) 


if Re(A) + ki tr > p — 1. That is, (13.41) is verified, and T'(A) = Tq (A + k; — ^) Iy holds. 
Therefore, 


Bij( A) = 


Tp (A + k, - a) 

T n (A + n i:j ) 

exactly holds, and 

RwW = 


Tr v ( / e~ tv{ - x) A(x) b F ij (x)dx) = 


r n (a + kj - 1 ) 

Tq(A + n ij) 


r*, 


C\ 


v, r »(uk,-?) r 


Ylij "'./I './ r^(A + n^) 


By putting ayTy =: ay, we get the desired formula. 
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When W = V, clearly we have rest(V) = ©jV), and Ky(z,w) = Iy, Kv t {z,w) = Iy 
Thus, the coefficients 

<H = r ?; = f Tv Vi (K Vi {x,e))e~ tr ^A(x) b dx 

Jn 

= jjr Vi (I Vi )e-^A{x) b dx = (dimVi)T n 0 ) • 


Also, by assumption (Al), A'^-spherical vectors in (f, End(V))) — (7 <g> Ti, V) © Vi) is pro¬ 
portional to Iy i , that is, dim End = 1. Therefore, assumption (A2) is automatically 

satisfied, with n* = kj. Since c\ is determined such that Ry,x = 1, we have 


-l 

A 


1 

Ei(dimVi)r n (|) 


y^(dim Vj)Ty 



1 

dimC 


E( d i m ^) 


In (A + ki - a) 
T^A + k*) 


(A + k* - a) 
rn(A + k t ) 


and this completes the proof. □ 

Remark 3.3. The integral T' A in is essentially the same as the “Gamma function” 
in 0, Definition 3.1], /7H Section 4] on End(V)), or the integral with the measure in 0 
Theorem 3-4], and the property of F) A or the finiteness of \3.4\) have been already proved. 
However, since the notation is different, the author wrote the proof for completeness. 

If (r, V)| t c is still irreducible and rest(W) C V(p(f,V) consists of one irreducible K^- 
rnodule, then Theorem 13.11 becomes easier. 

Corollary 3.4. Suppose (r, V)\ K c has a restricted lowest weight — ( ^71 + • • • + ) 

Let W C V(p + , V) be a K c -irreducible subspace. We assume 
(AO) rest(W) C V(p(f,V) is irreducible as a K^-module. 

(Al’) (t,V)\ Kl still remains irreducible. 

(A2’) All the K^-spherical irreducible subspaces in rest(W)< 8 >V^ have the same lowest weight 
- (niyi H-h n r 7 r ). 

Then the integral ||/|| Ar converges for any f e W if Re(A) + k r > p — 1. Moreover, we 
have 

= r n (A + k) 

CA Tn (A + k - 2 ) ’ 

and for any f £ W, we have 

Wf\\l,r T n (A + k) _ (A) k _ 1 

\\f\\% T r n (A + n) (A) n (A + k) n _ k 

The assumption (AO) is automatically satisfied if 
• G = Gt he. G is of tube type, or 


• G = SU(q , r) (q <r), and V = C IEI V' as a K = S(U(q) x U (r))-module. 

In Section 0 we deal with these cases explicitly, and in Section 0 we deal with the cases 
such that Corollary 13.41 is not applicable. To remove the ambiguity of the action of the 
center, we assume kj )T > 0 for any i, and = 0 for some i. 
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4 Norm computation: Tube type case 


4.1 Explicit roots 

Before starting the computation of norms, we fix the notation about roots of classical Lie 
algebras of Hermitian type. 

Let g = t ® p be a classical simple Lie algebra of Hermitian type, i.e. one of sp(r, M), 
su (q,s), so*(2s), or so(2, n). We fix a Cartan subalgebra f) C L Then 1) automatically 
becomes a Cartan subalgebra of g. We take a basis 


{h,t 2 , C v^Tfl 

{H, t 2 , ■ ■ ■, t q+s } c (x/^If)) © R 
{ti,t 2 ,....,t s } c v^Tfi 
• • • ,t[ n / 2j} C V^lf) 


(g = sp(r,M)), 
(g =su(q,s)), 
(g = so*(2s)), 
(g = 50 ( 2 ,n)), 


with the dual basis {e^}, such that the simple systems n 0 c, n f c of positive roots A + (g c , f) C ), 
A + (£ C , f) c ) are given by 


n f c 


n 0 c 


fe- 

£ j+ 1 : 

3 = 1 

. . . , 

r 

-1} 

(0 = 

= sp(r, R)), 

{ £ J - 

£ j+ 1 : 

3 = 1 


q 

-1} 



1 U{ £j+ 1 

~ £ j 

3 = 

q 

+ 1 , • • •, q + s — 1 } 

(0 = 

= s u(g,s)), 

{ £ j - 

£ j+ 1 : 

3 = 1 

... , 

s 

- 1 } 

(0 = 

CO 

CN 

* 

O 

II 

{ £ i - 

£ j+i : 

3 = 1 

... , 

s 

— 1} U {e s -i + 

(0 = 

= 50(2, 2s)), 

{ £ i - 

£ j +1 • 

3 = 1 


s 

- 1} U {^} 

(0 = 

= so(2,2s + 


'{2e r } 


(0 

= 

sp(r, R)), 



n fC u < 

{ £ q ~ 

£g+s} 

(0 

= 

su{q,s)), 



{^s-l 

+ 

(0 

= 

so*(2s)), 




,{ £ o- 

£ l} 

(0 

= 

so(2,n)). 




Then the central character d\ of is given by 


dx 


£l + • • • + £ r 

£\ + ■ ■ ■ + £q = ~{£q+ 1 + ' ' ' + £q+s) 

4-h e s ) 

£ o 


(g = sp(r,M)), 
(g =su(q,s)), 
(g = so*(2s)), 
(g = so(2, n)), 


and the maximal set of strongly orthogonal roots { 71 ,... , 7 rank R g} is given by 


7 ? — 2ej 

7? = £ j ~ £ q+j 

7 j = l2j-l + 72 j 

7i = £ o + £ i, 72 = £0 — £ i 


(j = h---,r) 

(. 3 = !,•••, min {q,s}) 


(g = sp(r,M)), 
(g =su(q,s)), 
(g = so* (2.s)), 
(g = so(2, n)). 


When g = sp(r,M), su(r,r), so*(4r) or so(2,n), g is of tube type, i.e. g = gx holds. On 
the other hand, when su(( 7 , s) (q / s) or g = so*(4?’ + 2), g is of non-tube type, and we 
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have 0 x = su(r, r) (r := min{g, s}), or 0t = so* (4?’) respectively. Let I}t := f) fl 0t- Then 
we have 


-v/—T ()t = span({tj - t j+ i : j = 1 ,..., r - 1 , q + 1 ,..., q + r - 1 } 

U {t r -t q+r }) (g = s u(q,s)), 

\/—If)T = spanjti,... ,t 2r } (g = so*(4r + 2)). 


Also, 0| C \J— 11)t is given by 




V-if) 

span{tj - t g+j : j = 1,... ,r} 

span{t 2 j-i + % : j = 1 , • ■ •, r} 

span{t 0 , ti} 


(Bt = sp(r,M)), 
(Bt = su(r, r)), 
(Bt = so*(4r)), 
(Bt = so(2, n)). 


In general, we consider gl(s, C) or so(n, C), and parametrize their irreducible represen¬ 
tations. We fix the positive root system of g[(s, C) such that its simple system is given by 
{£j — £j+\ : j = 1, ..., s — 1}, and for m E Z^_, let (rm , I'm*), (rm )v , Tm )V ) be the finite¬ 
dimensional irreducible representation of gl(s,C) with highest weight rn\e i + • • • + m s e s , 
—m s Ei — • • • — rri\£ s respectively. Similarly, we fix the positive root system of so(n, C) such 
that its simple system is given by 


{£j - E j+ 1 : j = 1,..., s - 1} U {e s _i + e s } 
{Ej - e j+ i : j = 1,..., s - 1} U {e s } 

and for m 6 Z s U (Z + |)‘ s with 

mi > m 2 > ■ ■ ■ > m<j_i > |m s | 

m i > m 2 > ■ ■ ■ > m s -\ > m s > 0 


(n = 2 s), 

(n = 2 s + 1 ), 


(n = 2 s), 

(n = 2 s + 1 ), 


let (rJn , lm' ) be the finite-dimensional irreducible representation of so(t7, C) with highest 

weight miEi -\ - 1 - m s £ s . Then (rm V ,lm >V ), (rm )V IE t$?\ Lm )V <g> Ln' s> ), (rm IV , I'm )V ) 

and (x mo E Tm , C mo <S> Vm ) are naturally identified with the representation of 6 C for 
0 = sp(r, M), su(q , s), so* (2s) and so(2,n) respectively. Their restricted lowest weights are 
given by 


- 2( m Wl ^-^ ™r7r) 


- 2 (( mi - n i)7i H-1- (mr ~ n r )j r ) 


~ 2 (( mi + m 2)7i H-1- (rn 2r -i + m 2r )j r ) 


~ 2 (( m o + mi)7i + (m 0 - mi)7 2 ) 


Hi 


(g = sp(r,]R), F = h4 r)V ), 

( S = su(g,s), y = i4? )v ei 4 s) ), 
(b = so*(2s), V = V^) 1 
(g = so(2,n), V = C mo mv£ ] ). 


We will omit the superscript (s) or [ 77 ] if there is no confusion. 

Next we determine (f,V) for each representation (r, V) of As in Section [27T1 let 
7 be the involution of tSf fixing l. Then 7 acts on f)!p anti-linearly, and fixes ci[ © (tn[ n f)). 
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Therefore -^c is characterized by 


C — tj 

(flT =sp(r,M)), 

tj = ~tq+j , ^<J+j = — tj 

(fl T = su(r, r)), 

t'2j— 1 = %, t2j = t'2j-l 

(flT =so*(4r)), 

Y- = { tj = 0> ^ 

(j = 2, ...,s) 

(0T = so(2,n), s = |_n/2j) 


We take an element w £ Nk( 1)) C K (the normalizer of b in K , or the “Weyl group” of 
1 )) such that 


Ad(w)tj = tj 
Ad(w)t 2 j -1 

Ad(w)tj = 
Ad(w)tj = 


= t 2 j, Ad(w)t 2 j = t 2 j -i 

f h U = 

0 ,1, a) 

[~tj U = 

2, 3,..., s — 

i h ( j = 

0 ,1) 

[~tj (J = 

2 ,3,..., s) 


Then we have 


(flT = sp(r,M),su(r,r)), 

(flT =50*(4r)), 

(flT = so(2, n), n £ 4N, s = |n/2j), 
(flT = so(2,n), n 4N, s = \ n/2\). 


Ad(w)tj = tj 

Ad(w)tj = —t q+ j, Ad{w)t q+ j = —tj 


Ad{w)tj 


tj (j = 0,1,--- ,s - 1) 
~t s (j = s ) 


Ad{w)tj = tj 


(fl T = sp(r, M),so*(4r)), 

(fl T = su(r, r)), 

(flT = so(2,n), n £ 4N, s = |ra/2j), 
(0T = so(2,n), n 4N, s = |n/2j), 


and thus Ad(w)-\ i] c preserves the positive Weyl chamber. This implies Ad(w)- preserves 
the Borel subalgebra b C Let (r, V) be an irreducible Lr-module with highest weight 
H £ (1)t) V an d we extend fj, on b such that it is trivial on the nilradical. Let v £ V be the 
highest weight. Then for b £ b we have 

df{b){r{w~ 1 )v) = dr(6)r(u;" 1 )u = T(w~ l )dT{Ad{w)b)v = //( Ad(w)b ) t(w~ 1 )v. 


Therefore (r, V) has the highest weight vector t(w 1 )u with highest weight 1 i->- /x( Ad(w)t) 
(t £ Thus we conclude 


Cr, 


14 


T/(0 V 

l rri 


t ;-(2r)V 

V m 


c mn iei vr , 


~v r(r)v 

— l rn 

(fl T = sp(r,R)), 

~y^ r)v iei i 4 T } 

(flT = su(r, r)), 

^y( 2 r)V 

— v m 

(fl T = so*(4r)), 

~c mn h c, w , 

(fl T = so (2 ,n), n £ 4N, s = |ra/ 2 J), 

~c mn h v} n] , 

(flT = so(2,n), n 4N, s = \n/2\). 

, we compute the ratio of 

norms by using Corollary 13.41 
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4.2 Sp(r, R) 

In this subsection we set G = Sp(r,WL). This is of tube type, and we have 
K~U(r), p ± ~Sym(r,C), T~GL(r,M), Kl — 0(r), 
r = r, n = — r(r + 1 ), d = 1 , p = r + 1 . 


We want to calculate the norm || • ||a, t of 0(D, V) in the case V = V^ + ... +Efc ~ /\ fc (C r ) v 
(A: = 0,1,..., r — 1). These V have the restricted lowest weight — ^(71 + ■ • • + 7 S )| , 
and remain irreducible even if restricted to Kl = 0(r), i.e. satisfy assumption (Al’) of 
corollary O Thus the norm II • II? v converges if Re A > r, and the normalizing 

A,T ei+ ... +£fc 


constant c\ is given by 


To(A + £! + ■■■+ Ek) 

Tq (A + £1 + • • • + Ek — ^r) 


nhi r (a - 71 + 1 ) n;. t+ 1 r(A- 7 i) 
n‘ = i r (a - + 1 ) IT,, t+ i r (a - ©)' 


First we compute the A'-type decomposition of 0(D,V)k = A(p + ) <8> _ h£fc . To do 

this, we quote the following lemma. 

Lemma 4.1 ([23 §79, Example 3]). 


vl ® v* + ... +tk = © v7 +k . 

kE{0,l} r , |k|=fc 
m+k£27j_ 


By this lemma and Theorem 12.11 we have 

p(p + ) ® r«7„. +ei = © v 2 v m ® v,v+., 

mez^ + 

= © © ^2m+k- 

mez r ++ ke{0,lE,|k|=fe 
m+kGZ^_ 


Second, for each A-type V^ m+k , we compute V^ m+k ® K^+-+ £fc - V 2 m +k ® ^+-+e fc - 

^2m+k ® ^+... +£fc = © ^2m+k+k'■ 

k'e{ 0 ,l} r , |k'|=fc 
2m+k+k'eZ!j_ 

By Theorem 12.21 V^m+k+k' * s A'^-spherical if and only if each component of 2m + k + k' 

is even, that is, k = k'. Thus, the only K /^-spherical submodule in V 2 'm+k ® Kh _ \-e k 

is E 2 m+ 2 k’ an( l ^ 2 m+k satisfies the assumption (A2’) of Corollary 13.41 with n = m + k. 
Therefore by Corollary 13.41 for / € V^m+k we have 

(A )ei+ ... +et nj =1 (A-io-i)) 

"/"L.V.+., (A)m+k 

We summarize this subsection. 
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Theorem 4.2. When G = Sp(r,M), and (r, R) = (r^_ h£fc , 10_ f£fc ), || • ||| r converges 

if Re A > r, the normalizing constant c\ is given by 

( n;,i r ^-¥ + i)nu + 1 r(A-^) 

CA ” n‘,i r (a - ip+1) n;,*+i r (a - ^) ’ 

f/te K-type decomposition of 0 (D,V)k is given by 

V{ p + ) 0 C*.= © © ¥ m+k , 

mGZ^ + kG{0,l} r , |k|=fc 
m+kGZ^j_ 


and for f E V^m+k • ra ^° °f norms is given by 


Wi + ~ + * k 

2 

Fr v 

’ eiH-h<Sfc 


n‘.i (a - \a -1)) 
n;.i (a - hu -1)) 


rrij+kj 


n‘,i (a - la - 1) + n',» + , (a - ha - «), 


4.3 SU(q, s) 

In this subsection we set G = SU(q, s), with q > s. Then we have 

K ~ S(l7(g) x U(s)), p ± ~ M(q , a; C), G T ^ SE/(a, s), AT t ^ S(I7(a) x 17(a)), 

A ~ E GL(s, C) : det l E R x }, AT L ~ {fe E 17(a) : det k = ±1}, 
r = s, n = qs, 4=2, p = q + s. 

We want to calculate the norm || • ||a, t of (D(D, V) in the case (r, R) = (tq^ V EIt^, Vq^ v ® 
rJ^) = (l^ ^ t^ s \c<S> R^) (k E Z+ + ). These R have the restricted lowest weight 
— ^(fci 7 i + • • • + fc s 7 s )| , and remain irreducible even if restricted to Kj j = diag({±l} x 
SU(s)) i.e. satisfy assumption (Al’) of corollary 13.41 Thus || • ||| r converges if Re\ + k s > 
q + s — 1, and the normalizing constant c\ is given by 

« = rnO + k-g) = frA - 0 - 1) + k, - q),. 

First, we compute the A'-type decomposition of C(D,V)k = V( p + ) © IE R^j. By 
Theorem o we have 

V{p + ) ®(cs rJ s) ) = 0 (v$ w E r 0) ®(cs rJ s) ) 

= 0 © < m yf^i s) . 

niGZ^__|_ n£m+wt(k) 

where Rm^ V is the abbreviation of R 0 V m 0 0 ^, wt(k) is the set of all weights in the 

GL(s , C)-module and c£ m are some non-negative integers. Second, let rest : V(p + )<S> 
V —» 'P(Pt) © R be the restriction map, as in Section [3721 Then we have 

rest (Vi 9)v IE Ri s) ) = r£ )v E R0, 
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so each Ji-type V'm )v El satisfies the assumption (AO) in Corollary 13.41 Third, we 
compute the tensor product with C El ~ El C. 

(v£ )v E (8) (V k (s)v ic)= 0 ci m V^ )y El ci s) . 

n'Gm+wt(k) 


By Theorem 12.21 V^ v Kl is AX-spherical if and only if to! = n, so all irreducible 
AX-spherical submodules in (Vm )v IXI <g> (V k s,v E are isomorphic to V^ v EIT^, 
which has the lowest weight — (71171 + ■ • • + ra s 7 s ). Therefore each A'-type satisfies the 
assumption (A2’), and by Corollary 13.41 for / G Cm /)V El Cn 5 " 1 we have 




(A)k _ n j= i(A u 1 ))kj 
n^=i(A-a-1))^ 


We summarize this subsection. 

Theorem 4.3. When G = SU(q , s) (q> s), and (r, V) = (l^Er k s \ C< 8 >C k ‘ s ' ) ) (k G Z+ + ), 
|| • || 2 T converges if Re A + k s > q + s — 1, the normalizing constant c\ is given by 


c\ = JJ(A “ U - 1 ) + kj - q) q , 
3 =1 


the K-type decomposition of 0 (D,V)k is given by 

v( P + )® (<CEc k (s) ) = 0 0 Ck n m tf v 0yi s) , 

mGZi_|_ n£m+wt(k) 


and for f G Cm )V ^ the ratio of norms is given by 

^^A,i(®)Kir^ s) _ n, S =i(A - ( j ~ 1 ))kj _ 1 

11/11^1(9)^00 n j= i(A-(j-l))n, Hj=i(^ - (j - ^) + kj) nj -kj 


4.4 SO*(Ar) 

In this subsection we set G = SO*(4r). Then we have 

K ~ U(2r), p^ ~ Skew(2r, C), L~GL(r,W), KL~Sp(r), 
r = r, n = r(2r — 1), d = 4, p = 2(2 r — 1). 

We want to calculate the norm || • ||a, t of 0(D,V) in the case V = () ^ ~ S k (C r ) v , 

or V = VX k _k\ — S k (C r ) ( 8 > det -fc / 2 (, k = 0,1, 2 ...) (the latter is not defined as the 
representation of U(2r) if k is odd, so in this case we consider the double covering group 

K = U z (r ) C G = SO* (4 r) C Spin(Ar, C)). These V have the restricted lowest weight 
— t? 7 i| and — f (71 + • • • + 7 r _i)| respectively. Also, these V remain irreducible even 
if restricted to AX = Sp(r), i.e. satisfy assumption (AT) of corollary 13.41 
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converges if Re A > 4r — 3, 


First, we deal with V = V^ k 0 case. Then 
and the normalizing constant c\ is given by 


2 

A r v 

A ’ T (k,0,...,0) 


To(A + (k, 0,..., 0)) 
r n (A + (fc,0,...,0)-(2r-l)) 


(A + k) 2r-i n(A - 2 (j - 1) - (2r - l)) 2r _ 1 . 
3 =2 


To begin with, we compute the A"-type decomposition of 0(D, V)k = V( p + ) 0 Vq. 0 
To do this, we quote the following lemma. 

Lemma 4.4 (j29j §79, Example 4]). 


. 0 ) 


Using this and Theorem 12.11 we get 


) 0 Cj) ^(mi,mi 1 m2,m2,---,m ri m r ) ^ v (k, 0,...,0) 

meZ" 


0 V m+k- 

ke(Z>o) 2r , |k|=fc 

0 <kj <rrij — i —rrij 


y v 


^++ 


© © ,m2+k2,m2,...,m r +k r ,m r ) * 

mez; + ke(Z>o) 7 ', |k|=fe 

0<kj<mj—x—mj 


Next, for each A-type ^ 1+fcl , mi ,..., mr+fcr , mr) ,we compute the tensor product with 0) ~ 


T/ v 


V v ($?) T/ v 

y (mi+fci,)rai,m2+fc2,m.2,..., m r+fcr,)TiT-) ^ v (fc,0,...,0) 


© 


V, 


(miH-/ci+Zi,miH-/2,^2+^2+^3,^2+^4,.”5 m r+fcr+^2r-l,^r+^2r) * 


le(Z> 0 ) 2r , |l|=fc 
0<*2i—1< m j —1 — m j — kj 
0<l2j 


By Theorem E2 ^ 1+fa+/l)mi+ , 2) ... )mr+fcr+far _ 1)rnr+ , ar ) is A L -spherical if and only if the 
(2j—l)-th component of its lowest weight is equal to the 2j-th component for each j, that is, 
hj -1 = 0 and l 2j = kj. Thus, the only A L -spherical submodule in U ( ^ 1+fclimii ... imr+fcrimr) 0 

v (k ,o.o) is V { mi +k 1 , mi +k u ...,m r +k r ,m r+ k r y and v H ni +kum u .., m r+kr,mr) satisfies the assump¬ 

tion (A2’) of Corollary 13.41 with n = m + k. Therefore by Corollary 13.41 for / € 


V, 


v 

(rai+/ci,rai ,...,m r -\-kr,m r ) 


we have 


A,r. 


(fc,0,...,0) 


F r v 


(A)(fc,o,.,.,o) 

(A)m+k 


(A)a 


nLi(A-2(i-i)) m , +fe / 


Second, we deal with V = VX. 


k _ 

2 ’•••’ 2’ 2 , 


case. 


Then 


12 

IA ,r, v 


4r — 3, and the normalizing constant c\ is given by 


(fc,0,...,0) 


converges if Re A > 


__ Tq(X + (k,... ,k, 0)) _ 

To(A + (k ,..., k, 0) - (2 r - 1)) 

r —1 

= J](A - 2 (j - 1) + k - (2r - l)) 2 r—l (A - 2(r - 1) - (2r - l)) 2r _ 1 . 
l=i 
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Similar to the previous arguments, A'-type decomposition of 0(D, V)k = A(p + )<8>VX k _ 

V 2’"'> 2’ 

is given by 

7? (P + ) 0 = © V h 1 ,m 1 ,m 2 ,m 2 ,...,m r ,m r )® V ( 0,...,0,-fc) ® 


mGZ^i 


® ® 

mGZ; + kG(Z> 0 ) r , |k|=fc 
0 <kj< rrij — rrij _|_ i 


v. 




and for each A'-type, we can show that the only A'^-spherical submodule in 


is R, v , , , , Thus V, v , , . ... satisfies the 

( m i —ki,mi—ki,...,m r —k r ,m T —k r )-\-(k,...,k) (mi t mi—ki ,m r — fc r )+( J 

assumption (A2’) of Corollary 13.41 with n = m — k + (fc,..., fc). Therefore by Corollary 

E 3 for ^ G we have 


^’ T (k/2,...,k/2,-k/2) _ (^)(fc,...,fc,0) 


n;=l(A-2(j-i)), 


2 

Ft v 

r ’\k/2,...,k/2,-k/2) 

We summarize this subsection. 


(A)m—k+fc rL=l(A 2(j l))m.j—fcj+fc 


Theorem 4.5. Mien G = 50*(4r), and (t,V) = (rX n m , V ( f 


'(fc,o,...,o)’ ’'(fc,o,...,o))’ 
i/ Re A > 4r — 3, f/ie normalizing constant c\ is given by 


\ Xt converges 


c\ = (A + k ) 2r -1 JJ(A - 2(j - 1) - (2r - l)) 2r _i, 

3=2 


tde K-type decomposition of 0 (D,V)k is given by 


P(p + )<8> ... i0) - © © 


Vi 


V 

(mi +fci ,mi ,rri 2 +^2 ,m 2 .. ,m r +k r ,m r ) ’ 


mGZ; + kG(Z> 0 ) r , |k|=fe 

0</cj <rrij—i—mj 

and for f G ^ 1+fel , miim2+fe2 , m2 ,..., mr+fer , mr) , the ratio of norms is given by 
12 


\ T v 

A ’ (fc.O,... 


. 0 ) 


(A)* 


1 


^ T v n i= i(A 2(j (A + k) mi +ki—k IIj= 2 (A 2(j 

Wden G = 50* (4r), and (r, V) = {r( k/2 ^ k/2 _ k/2) , V { v k/2 ^ k/2 _ k/2) ), || ■ ||£ jT converges 
if Re A > 4r — 3, the normalizing constant c\ is given by 

r— 1 

CA = n(A - 2 (d - 1) + k - (2r - l))2r-i(A - 2(r - 1) - (2r - l)) 2 r _i, 

3=1 

fde K-type decomposition of 0 (D,V)k is given by 


V(p )® _fc) CD CD ^(mi,mi —fci, m2,m2— fe r )+(|,...,|) ’ 

rnez; + ke(z>o) r , ]k|=fc 

0 <kj<m,j—rrij+i 
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and for f G V. v , , , . , k k \, 

(mi,mi—«i,m2,m2— k2,...,m r ,m r —k r )+[ ^ ) 


the ratio of norms is given by 


.V 

(fc/2,. 


,fc/2,-fc/2) 


-V 

(fc/2,. 


, fc/2,-fc/2) 


n;;=t(A-2Q--i)) fc 
n J= i(A~ 2 (j — 

1 

IU=i(A + & — 2(j — l)) mj ._ fcj (A — 2(r — l)) mr -fc r +fc 


4.5 Spin 0 (2,n ) 

In this subsection we set G = Spino(2,n), the identity component of the indefinite spin 
group. This is of tube type, and we have 

K ~ (Spin( 2) x Spin(n))/{(1,1), (-1,-1)}, p 1 * 1 ~ C n , 

r = 2, n = n, d = n — 2, p = n. 

Let 7T : A" c = (Spin( 2, C) x Spin(n, C))/{(1,1), (—1, —1)} —»• SO(2, C) x SO(n, C) be the 
covering map. Then we have 


7t(L) ~ SOo(l, 1) x 50o(l, n — 1) U ,SO_(l, 1) x SO_(l, n — 1), 
n(K L ) ~ {+ 12 } x SO(ra - 1) U {—/ 2 } x 0_(n — 1), 


where SO-(p,q),0-(q) are the connected component of SO(p, q), 0(q) which does not 
contain the unit element. Each representation of K c is of the form (x m ° ^ Tm , C mo (g)V^), 
and sometimes we abbreviate this to (r( mo;m ), V/ mo;m ))- 

Now we want to calculate the norm || ■ ||^ r of 0(D, V ) in the case 

( T v) = f ( x ~ k ^ r ( fc v- ,k,±k) > (8) ,fc,±fe)) (fc £ ^^> 0 ) ( n : even), 

1 \ (fc = 0, |) (n : odd). 

These (r, V) have the restricted lowest weight — fcyi, and remain irreducible even if re¬ 
stricted to Kl , he. satisfy assumption (AT) of corollary 13.41 Thus || • ||| T converges if 
Re A > n — 1, and the normalizing constant c\ is given by 

r n (A + (M)) T(A + fc)T(A-^) 

CA T n (A + (fc,0)-§) T(A + fc-§)T(A-(n-l))' 

First we compute the LT-type decomposition of 0(D, V)k = V(p + )®V. To do this, we use 
the following lemma, which comes from the “multi-minuscule rule” [241 Corollary 2.16]. 

Lemma 4.6. (1) Let m G Z>o and k G ^Z>o- For two representations Vr m , o,...,o) an d 

V(k,...,k,±k) °f so (2s, C), 

k 

A(m,0,...,0) ® V(k,...,k,±k) = (J) V(m+l,k,...,k,±l) 

Z=max{— k,k—m} 

(double sign corresponds) holds. 


(2) Let m G Z>q. For two representations E( m ,o,...,o) andV^i 1 ^ of so(2s + 1, C), 




(m, 0 ,..., 0 ) 


V (b-’i) V ( m +bb 


)®^( m -i,i,...i) 


holds. 
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By Theorem 12.11 


"P(P ) — ^ ^(mi-m 2 ,0,...,0) 

meZ^_ + 

holds, and combining with the above lemma, we have 

V(p + ) ® (C_fc IE %..., fc , ±fc) ) = © © (mi+m2+fc) ^ 

mez?, —k<l<k 

m\— rri2+l'>k 

for n = 2s even case, k G ^Z>o, and 

P(p + ) © (C_fc E V( fci ... ifc )) - © © (mi+m2+fc) ^ ^(mi-m2+i,fc,...,A:,|/|) 

meZ© —k<l<k 

m,\—m,2+l>k 


for n = 2s + 1 odd case, A = 0, 

Second, we seek A'^-spherical subspace in the tensor product of each .A-type and V. 
To begin with, we deal with n = 2s even, V = V7_m case. Suppose 

(m+n 2 ):ni—ri2,0,...,0) C (mi+m2+fe);mi— rri2+l,k,...,k,l) ® ^{—k\k,...,k)i 

where (ni,n 2 ) G Z^_. This implies that (—(m + n 2 ) + ( m\ + m 2 + A); (n\ — 112 ) — (mi — 
m 2 + 1), —A,... , —k, —l ) is a weight of V(-k-k,...,k)- However, the weight of this form is only 
(—A;; l, —k ,..., —k, —l ), since V/_ fe;fc) has the lowest weight (—A;; —A,..., —k, A), and 
root vectors x £1 - £s ,x £1+£a € so(2s) commute with each other. Therefore we have 

f (ni + n 2 ) — (mi + m 2 + k) = A, _ f ni = fni + A + Z, 

\ (ni - n 2 ) — (mi - m 2 + Z) = l. ' ' \ n 2 = m 2 + k - l. 

Thus all Ai-spherical irreducible submodule in V(_( mi+m2+fc ) ;mi _ m2+ijfcj ... jfcjJ ) © V(- k -,k,...,k) 
have the same lowest weight — (ni 7 i + n 2 7 2 ) with (ni,n 2 ) = (mi + k + Z,m 2 + k — Z), 
and all A'-types satisfy the assumption (A2’) of Corollary 13.41 The same argument holds 
for V = Vf_k-j k,...,k,-k) case, and also for n odd case, noting that only k = 0, ^ is allowed, 
and ni,n 2 G Z. Therefore by Corollary EH for / € V(_( mi+m2+fe ) ;mi _ m2+/jfcj ... ifcj±/ ) or 
^ r (-(mi+m 2 +fc);mi-m 2 +Z,fe,...,fc,|Z|)! have 

ll/lllr _ (A)( 2 fc,Q) _ _ (A) 2 fc _ 

II/IIf,t (A)(mi+fc+;,m 2 +fc— l) (A) mi +fc+i (A 2 ^) J7l2 _|_fc_; 

We summarize this subsection. 


Theorem 4.7. When G = Spino(2,n) and 

t T y\ = [ (x~ k ® T-(fc,...,fc 1 ±fc) ) C-fc © V{k,...,k,±k)) {k G ^Z> 0 ) (n : ewen), 
’ \ (x _fe ^ 0 V(k,...,k)) (& = 0, 3) ( n:odd ), 

|| • ||| r converges if Re A > n — 1 , the normalizing constant c\ is given by 

r (A + AO T (A — 2=2) 

CA_ r(A + fc-§)T(A-(n-l))’ 
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the K-type decomposition of 0 (D,V)k is given by 


V(p + )®V = 


(J) (J) (mi+m2+fc) ^ ^(mi- m2-\-l,k,...,k,±l) ijl • even). 


m£Z^ + —k<l<k 


mi—rri2 J rl>k 

(mi+m2+fc) ^ ^(mi-777-2+£,fc,...,fc,|Z|) (P • odd ), 

—k<l<k 


^++ 


777-1—777-2+Z>fc 


and foT f E ^ ^(mi- 777 - 2 +Z,Aj,...,/c,d=Z) ^ (7711+7772+fc) ^ ^(777-1 — 777 - 2 +Z,fc,...,/c,|Z|)? the 

ratio of norms is given by 


2 

A,t 


(A) 


2k 


2 f,t (A)mi+fc+i (A — Ul 2^) +k _i (A + 2 k) mi _ k+ i (A - u -^) 


777-2 ~|-fc — l 


5 Norm computation: Non-tube type case 

When G is of non-tube type, we cannot compute the norm by just using Theorem 13.11 
because it is difficult to determine the constants in Theorem 13.11 Thus we have to use 
other informations to compute the norm. In this section we compute the norm in the case 

• (G, V) = (SU(q, s),CK V') (q < s), by direct computation, 

• (G,V) = (SO*(4r+2), 5' fc (C 2? ’ +1 ) v ), by using the embedding SO*(Ar+2) C SO*(4r+ 

4), 

• (G, V ) = (SO*(4r + 2), S k (C 2r+1 ) ® det _fc//2 ), by combining Theorem 13.11 and the 
embedding 577(1, 2r) C 50*(4r + 2). 

Also, for G = E e t_ i 4 ), we try to compute the norm as best we can, by using Theorem l3.ll 

5.1 Explicit realization of G 

Before starting the computation, we fix the realization of G = SU(q,s), SO*(2s). We 
realize SU(q,s ), SO* (2s) as 


SU( q ,s):={ 9 €SL( q + s , C): 9 ('’ 

S 0*(2»):={ 9e GL(2»,C): 9 (“ '*) < 9 = (“ {,') , , '*) 


(5.1) 



(5.2) 


and realize 7f , as 


K c := 



P ■= 


fa 0\ (a, d ) € S(GL(q, C) x GL(s, C)) (G = SU(q, s)) \ 

VO d) : a € GL(s, C), d = t a~ 1 (G = SO*(2s)) J ’ 

/O b\ beM(q,s]C) (G = SU(q,s )) ) 

VO Oy : b € Skew(s, C) (G = SO*(2s)) J ’ 

f 0 0\ ceM(s,q; C) (G = 5 E/(g, s)) ) 

Vc Oy : c € Skew(s, C) (G = SO*(2s)) J ' 
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Then under the identification p + ~ M(q,s\ C) or Skew(2s,C) by 


0 b 
0 0 


i—>• 6, we have 


D ={w E M(q,s; C) : I q — ww* is positive definite.} (G = SU(q,s )), (5.3) 

D ={w E Skew(s,C) : I s — ww* is positive definite.} (G = SO*(2s)). (5-4) 

For a representation (n 13 T 2 ,V\ <8> V 2 ) of K c = S(GL(q, C) x GL(s, C)), the universal 
covering group SU(q, s) acts on 0(D, V\ <g> V 2 ) by 




a b 
c d 


f(w) = det(eu; + d) x (ri (a* + wb*) 3 12 [(cw + d) x )) 

x / [(aw + b)(cw + cTp 1 ) , (5.5) 


and for a representation (r, V) of I\ c = GL(s, C), the universal covering group SO*(2s) 
acts on 0(D, V) by 


t\ 


a b 
c d 


-IN 


f (w) = det (cw + d) a / 2 t (*(cio + d)) f [(aw + b)(cw + d) x ) , (5.6) 


We note that we have the identities, for w E M(q , s; C) and 


a b 
c d 


E U(q,s), 


det(I q — ww*) = det(I s — w*w), det(a* + wb*) = det ^ det (cw + d) 


Therefore, on SU(q, s), det(a*+w;6*) = det(crc + d) holds. We also note that det(cw; + (f)~ A 
is not well-defined on G for general A E C, but is well-defined on the universal covering 
group G. These representations preserve the inner product 

(f,g)\,r J D (( T l (( J 9 -WW*)- 1 ) MT 2 (Is ~ W* w)) f (w), g (w)) ^^ 

x det (I q — ww*) x ~( q+s ' l dw, (5.7) 

(f,g)x,r = ^(^1)72 J {^((Is-ww*)- 1 ) f(w),g(w)) r det(I s -ww*)^ {X ~ 2(s - 1)) dw. 

(5.8) 

respectively. Let fo C g be the subspace which consists of all diagonal matrices, and define 
the linear form £j on f) C by £i(Ejj) = 5ij. We define the positive system A + (g c , f) C ) as in 
Section 14.11 


5.2 SU(q,s) 

In this subsection we set G = SU(q,s), with q < s, which is realized explicitly as & 
Then we have 


K ~ S(U(q) x U(s)), p ± ~M(q,s;C), G T — SU(q, q), K T ~ S(U(q) x U(q)), 

L~{leGL(q, C) : det l E M x }, K L ~ {k E U(q) : det A: = ±1}, 
r = q, n = qs, d = 2, p = q + s. 
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We set (t,V) = (r^ )v H t£°, ® V^) = (1^ Kl r^ s) ,C <g> V k (s) ) (k € Z s ++ ). In this 

case, the inner product is given by 


(/> ff) 


A, 1 (®)EIt£ ,) 


CA 

TT^ S 


'D 


(( r k S) ( J s “ ™*™)) det(/ s - u;*w) A 


The goal of this subsection is to prove the following theorem. 

Theorem 5.1. When G = SU(q, s ) (q < s ) and (r, I/) = (1^ E3r k s \c® V^) (k G Z+ + ) ; 
|| • ||| r converges if Re A + k s > q + s — 1, the normalizing constant c\ is given by 


°\ = fJ(A “ O' - !) + k j ~ «)?> 
1=1 


f/ie K-type decomposition of 0 (D,V)k is given by 

v(p + )®(c®vl s) )= © © ci m v^ )v rnv^\ 

m€Zf + n€m+wt(k) 


and for f € Vm' v IXI I/„ s \ the ratio of norms is given by 

^^A,l('?)Klr^ ) _ n-=l(A-(j -!))*, _ 1 

ii/ii^iMgi n j= i(A-o-i))n, rij=i(A - (j -1)+ kj) nj ~kj 

Before beginning the proof, we prepare some more notations. For k € N, m G C k and 
for x G M(k, C), we write 


fc-i 

A m (x) := JJ det ((xy)i<jj</) mi_mi+1 det(x) mfc . 

l=i 

For k G N, let Qk C GL(k, C) be the set of upper triangular matrices with positive diagonal 
entries. Then for l\,h G Qk, m G C k , A m (li)A m (l 2 ) = A m (^i? 2 ) holds, and for l\ G Qk , 

h € M(k,l; C), Z 3 G and m G C fc , n G C ; , A m (Zi)A n (Z 3 ) = A (m n ) f ^ holds. Also 

we set 

(p+)^ := M(q,s-q; C), 

12 := {.x G Herm((/, C) : x is positive definite.}, 
fZ := {x G Herm(s,C) : x is positive definite.}. 


Now we start the proof. To begin with, we compute the A"-type decomposition of 

o(d,v) k = v(p+)® (c^y k (s) ). 


v(p + ) ® (c h y k (s) ) = ® (v# )v ei id s) ) ®(ck y k w ) 

m£Z} + 

= © © < m ^ )V B V± 8) . 

m£Z} + ngm+wt(k) 
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where Vm * is the abbreviation of E^ rn 0 (| j, wt(k) is the set of all weights in the 

GL(s, C)-module Ej s \ and c£ m are some non-negative integers. We note that, for n e 
Z s ++ , there exists m € Z5j_ + such that c£ m ^ 0 if and only if 

rij > kj (1 < j < q) and kj- q < rij < kj (j > q + 1), 

which can be proved by using Littlewood-Richardson rule. 

For each iv-type Vm V El Vn S \ let K mn (z, w) € V(p + x p + ,End(E k ^)) be the repro¬ 
ducing kernel of the it ^-submodule Em ,V IE V^P C V'm )v IE Vp H> , where n' := (m,..., n q ) € 
Z\ + . Then since Em^ V IE V^P C Em^ V IE E^ is the lowest submodule, we have 


(s) (h h 

0 U 


7t m ,n ( 


h h 
o u 


i *—i 

L w 


> T 


if 1 hWu )^ 1 o\_ 


o k)) k V i% i* 6 


— A- n "(l 6 U)K m:n (z, w) 


( z,w € M(q,s; C), h,l 2 G GL(q,C), Z 3 ,Z 5 € M(q,s-q; C), Z 4 ,Z 6 € Q s _ 9 ), 

where n" := (n s _ ? _|_i,..., n s ). Using this K mn (z,w), we can rewrite the ratio of norms. 
That is, for / € V& )s/ IE Ei s) , the ratio of norms ||/|| 2 l( , )HT (.)/ll/IIJ l( , )|aT (.) is e d ual to 


7?m,n(A) : — 


Now similarly to Lemma 13.21 for any non-negative measurable function / on M(q,s; C), 
we have 


CA J 

f D E«' 

( r k‘ 9) X - w*w)K m!n (w,w)^j 

1 det (J, — w*w) x ( q+s ^dw 

J 

1 Tr (s)(K mn (w,w))e 

p+ k 

tr fa* w faw 


1 

7T^ 


f(w)dw = 


1 


Fq((/) 

ki,k2&U(q) 


f((kix 2 k- 2 , fay))dfadk 2 dxdy. 


Using this and the Tor-invariance of K m>n (z,w) 

Km,n((kix2k 2 , fay), {fax* k 2 , fay)) 

=T,[ s) f k 2 ® J K m , n((x* , y), (z3, y))rip ] ( h2 ° 


0 T S -g 


(x G n, y G (Pt)- 1 , fci,fc 2 € Z7(<?)), 


we have 


ca 


/ 

/ccEQ, 


(x 1 / 2 ,y)£D 


*&„(.) ( 0 ( /, - 




x det f 7, — 


7?m,n(A) — 


1/2 \ \ ( 9 + s ) 

x x 1 y \ \ 

y*x 1 / 2 y*y 


dxdy 


/ 

J xG 


- tr 


Km,n((x 2 ,y), (xz,y)) is transformed as below. 

X, X _1 / 2 y 


Tr y (»)(it' mi n((a; 2 ,y),(a: 2 ,y)))e V«* x v*v > dxdy 


x x*-/ 2 y 

,,* x l /2 * 


K m ,n{(x 2 ,y),(x 2 ,y)) =K m . n ^x 2 (x, 0 ) ^ 

fa„ —x~ 1 fay 


Is—q 


>®*(7„o) 


In X 1/2 l 


Is—q 


=r w / fa 




0 I s _g } A m,n((x,0),(J„0))r k ^ —y*x _ i/ 2 


0 

a-5. 
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Then iiT m>n ((-, 0), (I q , 0)) is Kl = diag({±l} x SW(g))-invariant under the representation 
f of K% on F(p+,End(E k (s) )) = V(M(q,s), End(V r k (a) )), 


(■ f(h,h))F(x ) := T, 


_ /% 0 \ ^^-1 


0 i*_. 


F(/ 1 xZ 2 )t, 


W Pi 1 0 

0 -Ts-q 


That is, K min ((;0),(I q ,0)) € <g> (V k (s)V | ^ E cT ^ ^ ® V# } 

Therefore there exists an F m , n (x) € F(p^, End(V^)) such that 


-M/ k 0\ p ,,-1 M J S ) A 0 


'U(q) 


0 I s -q 


F m ,n(k xk)rl 


0 I.s-q 


(s) (h 0\ °i - 


0 h 


^m,n( hxh) 1 \ 


dk = K m: n ((x,0), (Iq, 0)), 


Q t^J = A n /( /lZ 2 )A n //( hli)F mn (x) 

(x € prp, W,^2 € Qq, € Q s —q). 


We define 


F m Ax,y) :-r£ S) f 0 9 J s _ g y ) ^m,n(®) T i S; (^J-l/2 


» 


0 

•s-g 


Then we have 


ca 


x x x l 2 y 


fxen, y e(p+) ± Tr v^ s) ( r k ( /s l y * x i/2 

(x^^eD 


F m .n(x. y ) 


x det /, — 


F mj n(A) — 


1/2 \ \ A— (g+ s ) 
x x' y \ \ 

y*X 1 / 2 y*y 


dxdy 


L 


- tr 


a:gn,2/g(p x ) J 


Tr {s) (F m ^(x,y))e \v* x v*v J dxdy 


X X 1 / 2 J/ 

r- 1 / 2 


We set 
B 


x 2 y 

(x 1/2 ,y)eD 


Fm,n(x, y) 


x det F — 


i/2 \ \ (g+ s ) 

x x ' y\ \ 

y*X 1 / 2 y*y 


dxdy , 




-tr 


a-Sf/,yg(pi)- L 


T r y( s ) (Fm,n(x, 2 /))e VF* 7 y*y ) dxdy, 


x x 1 / 2 y 

,* Ti 1/2 * 


so that i? m ,n(A) = CA-B m>n (A)/r m n . We want to compute -B m ,n(A) explicitly. To do this, 
similarly to (j3.3|) , for z E O we define 


J(z) "iv l T *’ l(„')V ) I/2 'mv JJ Fm ’" (x '^ 

( x ,/)!/2 y /\ \ A “(«+ s ) 


(x') 1/2 y' 


x det z — 


(2/)* (x ') l/2 G/)V 


dx'dy', 
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where 


E{z) := j(x,y) G X (p^A : 


z — 


y x 


1/2 


y*y 


is positive definite, j , 


so that E(I S ) coincides with the domain of integration of -B m>n (A), and J(I S ) = -Bm.n(A) 
holds. To compute E(z), we take l\ G Q q , l 2 G M(q,s — q\ C) and Z 3 G Q s -q such that 


z = 





and we change variables x, y to 

x' = l{xh, y' = (llxli)~ 1/2 llx 1/2 (yl 3 + x 1/2 l 2 ), 

so that 

x' (x') l / 2 y'\ _ ( l\xh l\x i / 2 {yl 3 +x l / 2 l 2 ) 

G y')*(x ') 1/2 (y')*y' J ~ W 3 y* + i* 2 x 1 / 2 )x 1/2 h ( i* 3 y* + i* 2 x 1/2 ){yh + z 1 / 2 z 2 ) 


_ 1*1 0 


S l: ij \yrx 

Then under this change of variables, we have 

0 

1* 
l 3 


1/2 


x 1/2 y\ fh h 


y y 


0 l: 


=r, 


—T 1 


( S ) A 1 ^ i? (a;' y') r ( S ) C 

k Vo W ,n( ,yj k U a 
k Vo h) Tk Vo J m>nlxj k y-wn 

/ , , \ / B 1 1/0/ 1/0, \ \ 


0 t) ’i” (0 _ ' rlx "lV 3+i1/2 ' 2) ) 




0 V » At 0 


s-9. 


1% v. 


x r, 


.(«) 




~(l 3 y* + l* 2 x 1 / 2 )x~ 1 / 2 l 

X s ) At o\ (s) 


i*-i 

1 


E—q 


Js) I L 1 


1*2 l 


-y*x l / 2 I s - q 


=A n 


o\ fw 1 
1% v. 


Q i z ) ) F m , n {x,y). 


Thus we can compute J(z) as 


J(z) = [ 

Je(i s ) 


V ( T k 0 


'ZJ 0 

* /* 
2 6 3 


4- 


X 


T V s > ( r A ] 

'E(I a ) E ' 


x det 


/.s- 


ft 0 

’* /* 
2 L S 


y x 

E~ 


. 1/2 


x 1 / 2 y 

y*y 



y x 


. 1/2 


x 1 / 2 y 

y*y 


0 fe)) 

A-(g+s) 



Zl ^2 
0 Z 3 


x det(7i) 2<? &et(l 3 ) 2q dxdy 


x 

y* X 1 / 2 


x 1 / 2 y 


x det 


Is- 


y x 


x x"'“y 
1/2 


C V 2 , 

;k 

y y 


y y 

\-{q+s) 


Fm,n(.X , y) 


A 


A+n—s 


z; 0 

7* 7* 

6 2 6 3 


h h 

0 i 3 


dxdy 


—-6m,n A)^A+n— s(^) • 
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Next we compute J ^ J(z)e tr ^dz in two ways. 

[ J(z)e- tT ^dz = S m ,n( A) / A A+n _ s (z)e- tr W = R m , n (A)T^(A + n), 


J(z)e~ tT ^dz 


') 1/2 y' 


EW 'V 1 V*’ V W)V ) 1/2 MV 1 


x det ( z — 


A-(g+s) 


e-^dx'dy'dz 


T V ( S) (r£V)£n,„(*',!/')) det(z') A - (9+s) e 


O'/ 

iy')*{ x ') 1 ^ 2 {y')*y' 

x' (a:') 1/2 2/' 

( y ')*(^') 1/2 (J/')*?/' JJdx'dy'dz' 


— tr( z'4- 


x'enyeCpj)- 1 

z'en 


= Tr 


K 


M 


( f Tl s) (z)det{z) x -^e~ t < z Uz [ 

\Jn Jn 


-tr 


X X 1 / 2 !/ 

*.xV2 ?/*7 


Six(p+) 1 


Fm,n( x ,y)e Ky * x y*y J dxdy . 


Since is f7(s)-invariant and r^‘ s ^(z) det(z) A (<?+ s ) e tr ( z )dz commutes with U(s)- 
action, this is proportional to the identity map. Also, similar to (13.811 , we can show 


[ rl s) (z) det(z) A - (9+s) e- tr(z) dz = T^(A + k - q)I } 

Jn 

when Re X + k s >q + s— 1. Therefore we have 


M 


J(z)e tT ^dz = T^(A + k — q) / 

i$2x (p+) x 

= r^(A + k — g , )r mn , 


- tr 


Tr y ( 3 ) (i ? mi n(x,y))e \v* x v*v > dxdy 


x x 1 / 2 y 
r l/2 


and thus we get 


R 


m,n 


Sm,n(A) - 
(A) = c x - 


r n( A + k -9) t, 

-n / \ 1 \ 1 m,n? 

r n( A + n ) 

m,n(A) _ T^(A + k— q) 

r m ,„ “ CA r^(A + n) 


Since the norm is normalized so that i?o.k(A) = 1, we have 


ca 


^( A + k) 

Fn(A + k-g) 


n(A- (J - !) + k i - 9)<j> 

3 = 1 


and consequently we get 


„ r n(A + k) n;.i(A-(i-l)) tj 

m ’ nl r fl (A+n) n;,i(A-o-i))n,.’ 

and we have completed the proof of Theorem 15.11 □ 
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5.3 S0*(4r + 2 ), V = S k ( C 2r+1 ) v 

In this subsection we set G = SO*(4r + 2), which is realized explicitly as (|5.2D with 
s = 2r + 1. Then we have 

K ~ U(2r + 1), p 1 * 1 ~ Skew(2r + 1,C), 

G t — SO*(4r), L ~ GL(r,H), K L ~Sp{r), 
r = r, n = r(2r + 1), d = 4, p = 4r. 

We set V' = ~ S' fc (C 2r+1 ) v . The goal of this subsection is to prove the following 


theorem. 


Theorem 5.2. When G = SO*(4r+2 ) and (r, V) = (t^q +1 ^q), V^ fc 2 Q +1 ^), || • || 2 T converges 
i/ReA > 4r — 1, f/ie normalizing constant c\ is given by 

r 

c A = (A - ( 2 r + 1 ))(A + k- 2 r) 2r JJ(A - (2r + 1) - 2 (j - l)) 2r+1 , 

3 =2 


f/te K-type decomposition of 0 (D,V)k is given by 


(2r+l)V 


V(o + ) 6d R (2r+1)v = V 

Vr J (/c, 0 ,..., 0 ) Viy Viy (mi+Aii,mi,m2+fc2,Tn2,...,m r +fc r ,m r ’,fc r _|_i) ’ 

ke(Z>o) r+ 1 ;|k|=fc 
0<kj< rrij _ i — rrij 


and for f G ^ r i t^ mi , m 2 +fc 2 , m 2 ,..., mr +fc r , mr ,fc r+1 )^ °/" 5 ™ en by 

|2 


x (2r+l)V 
A ’ T (fc,0,-..,0) 


(A)* 




( 2 r+l)v n i= l(A 2 (j l))rrij+fcj (A 2 r)fe 


r+1 


(fc,0,...,0) 


(A + fe) mi +fc 1 -fe riy= 2 (A 2 (j l))mj+fej (A 2 r)fc r+1 

To begin with, we determine the normalizing constant c A . Since V|^c is decomposed 


as 


T/ (2r+l)V _ /T\ T/(2r)V 

V (k,0,...,0) K c ~ U7 V {1,0,...,0)’ 


T «=0 


/ V / i 

and q has the restricted lowest weight — 2 7 i| , and remains irreducible when 


re¬ 


stricted to Kl = Sp(r), by Theorem 13. II | 
have 

1 


A ,r. 


( 2 r+i)v converges if Re A > 4?’ — 1, and we 


(fc, 0.....0) 


,-l =_ 

dim V {2r+1)V Z ~ 

V.o,-,o) l =o 

k 


EKC., 


( 2 r)v ^ Tq (A + (Z, 0,... , 0) — ( 2 r + 1 )) 

1 , 0 , 

( 2r+i-l) 

( 2r fc +fc ) U (A + l - ( 2 r + l)) 2 r+i n;; =2 (A - ( 2 r + 1 ) - 2(j - l )) 2r+1 

1 

(A - ( 2 r + 1 ))(A + k- 2 r) 2r fl-= 2 (A - ( 2 r + 1 ) - 2 (j - l)) 2 r+ i' 


1 


E 


rn(A + (Z, 0,..., 0)) 
1 
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/a 

0 

ft 

u\ 

fa 1 I 

0 

1 

0 

0 

v c *) 

c 

0 

d 

0 


To compute the norm on each A"-type, we consider G' := <SO*(4r + 4), which is realized 
explicitly as with s = 2r + 2, and embed G ^ G' by 


(a, b, c, d € M(2r + 1, C)). 


We realize as 

V(ko + * o) = 'Pk{C 2r+1 ) = {Homogeneous holomorphic polynomials on C 2?+1 of degree k}, 
r (tcSo)( Z M«)=P(^ _1 «) (/ € GL(2r + 1, C), u € C 2r+1 , p € P fc (C 2r+1 )), 

with the inner product 

(Pl,P2) 


(2r+l)V • 9 r _i_l 

(fc, 0.....0) 7T- r+i 


/ C 2r+i 


pi(u)p2(^)e |w|2 du (pi,P2 G V k {C 2r+1 )). 


Then G = 50*(4r + 2) acts on 0(D, 'P/ c (C 2r+1 )) by 

^ f(w, v ) := det(cru + d)~ x ^ 2 f ((aw + b){cw + d)~ 1 , t (cw + d)~ 1 v) 

(w€D C Skew(2?’ + 1,C), v € C 2r+1 ). 


T\ 


a b 
c d 


On the other hand, the scalar type representation of G' = SO*{Ar + 4) on O(D') ( D' is 
realized as (15.41) with s = 2r + 2) is given by 


T\ 


a b 
c d 


-i> 


f(w) := det(cie + d) x ^ 2 f [(aw + b)(cw + d) *) 
(w G D' C Skew(2?’ + 2, C)). 


If we restrict this representation to G, we have 

(fa 0 b 0\' 1N \ 

0 10 0 
c 0 d 0 


/ 

T \ 


/ 


\\0 0 0 1 / 


w v 


f ({aw + b)(cw + d) 1 t {cw + d) 

0 


_, v ol =d et (cw + d)- f[ _, v{cw+dr i 


(w € Skew(2r + 1, C), v € C 2r+1 ). 

Therefore if we define the embedding map t : 0{D,Vk{ C 2r+1 )) —»• G{D') by 

W/)) : = /(«h«) (w € Skew(2?’ + 1, C), v € C 2r+1 ), 

then i intertwines two actions ta and rjj^. Also, since Fischer inner products on )P(p + , )Pfc(C 2r+1 )) 
and )P(p + ') (p + = Skew(2r + 1, C), p +/ = Skew(2r + 2, C)) are given by 




F > T Cfc,ot. ) ,0) 7r (r+l)(2r+l) < / Skew ( 2r+li C) Jc 2 


(f,9) F , 1(^+2) - 7r ( r+ l)(2r+l) 


f f(w, v)g(w , u)e ~2 tr(u™*) e H«[ 2 di;du; , 

Jc 2r+1 

f{w]^w)e~^ ww ^dw, 


’ Skew(2r+2,C) 
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i is an isometry with respect to the Fischer inner product. 

Next, we compute the A'-type decomposition of 0(D, Vk(C 2r+1 ))K = V(p + )®Vk( < C 2r+1 ) 
and 0(D') K i = V(p+'). 


■p( P +)®n(c 2r+1 )= © vfc+Z 


V, 


(2r+l)V 


,m r ,0) (/c,0,...,0) 


mGZ' 


’++ 


v. 


(2r+l)V 


CD CD v (rni+ki,rni,m2+k2,m2,---,mr+kr,m r ,k r +i) ’ 

mez; + ke(z>o) r+1 , |k|=fc 

0 < kj < m.j— i —nij 

nv + ')= © 


nEZ 


r+l 


(ni,ni,n 2 ,n 2 ,...,n r . + i,n r+ i) ‘ 


decomposed under K c = 


Each K' c = GL(2r + 2,C)-module V r , (2r+2)v , 

v ’ ' (ni,ni,n 2 ,n 2 ,...,n r +i,n r +i) 

GL(2r + 1, C) as 

® y(2r+l)V 

(ni,mi,n2,Tn2,...,n r ,m r ,n r -\-i) 


y(2r+2)V 

(ni,ni,n 2 ,n 2 ,...,n r +i,n r +i) 


K C 


mez; 


nj>m,j>nj -|_i 

which follows from the following Lemma about the branching law of GL(s, C) 4- GL(s — 
1,C). 

Lemma 5.3 (|29, § 66 , Theorem 2]). For m € Z+, 

© L- 1)v . 


T/( S )V 

rm 


GL(s—1,C) 


nez^r 1 


Therefore it follows that 


y(2r+l)V 


Therefore, for any / € 


Tr(2r+2)V 

(mi+/ci,raira r +/c r ,m r +Av,/c r _|_i,Av_|_i) * 


(5.9) 


k(/)ll 


(mi+Aii ,mi ,m 2 +fc 2 ,m 2 . .,m r H-Air-,mr-,fc r _|_i) 


A,l( 2r + 2 ) 


, the ratio of norm is given by 


|i(/)ll^ l( 2 r+ 2 ) n-=i(A - 2 (j - l)) m . +fc .(A - 2 r) k 


r+l 


since i 


Since t intertwines G-action, || ■ || (2 r+i)v is proportional to ||<(-)IIa i( 2r + 2 ) ■ Also, 

preserves the Fischer norm, and || • || ( 2 r+i)v is normalized such that it coincides with the 

Fischer norm on the minimal A'-type, we have 


, (2r+l)V 

A ’ T (k,0,...,0) 


Wk 


(2r+i)v n j= i(A 2 (j (A 2 r)k r+1 

J ’ T (k, 0,...,0) 

and we have proved Theorem 15.21 □ 

Remark 5.4. We can also prove the former part of Theorem \f.5\ (G = SO*(4r)), or 
Theorem (G = SU(q,s)) by this method, by embedding 

SO*(4r) ^AO*(4r + 2 ), iP(Skew(2r,C), V k (C 2r )) ^ P(Skew( 2 r + 1 ,C)), 

U(p) X U(q, s ) U(p + q, s), V } k (p)V Kl V(M(q, s, C), v£ s) ) P(M(p + q, s, C)), 

but we cannot determine the normalizing constant c\ in this way. 
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5.4 S0*{4r + 2),V = S k { C 2r+1 ) ® det~ k/2 

In this subsection we continue to set G = SO*{dr + 2), which is realized explicitly as (15.211 . 
We set V = Kwf + 1 fc V _fc\ — S k { C 2r+1 ) ® det~ fc / 2 , The goal of this subsection is to prove 
the following theorem. 

Theorem 5.5. When G = SO*(dr + 2) and {t,V) = (^ ( ( fc/J. 1) Xv 2 ,-fc/ 2 )’ 

|| • ||| r converges i/ReA > 4r — 1, the normalizing constant c\ is given by 


r—1 


c\ — J|(A + k — (2 r + 1 ) — 2{j — l))2r+i(A — 4r + l) 2 r(A + k — 2r + 1 ), 
3 = 1 


the K-type decomposition of 0 {D,V)k is given by 

v(p + ) ® ^l r ^l v _k\ = (J) (J) 


y(2r+l)V 

(rni,mi—ki,m2,m2—k2,...,m r ,m r —kr,—k r +i)+(^,...,^) ’ 

mGZ; +k G(Z> 0 r + 1 ;|k|=/c 
0 <kj <rrij —rrij+i 
0 <Ay <m r 


and for f £ y( 2r+1 > v t/je ratio of norms is given by 

(mi,mi-ki,m2,m2-k2,—,m r ,m r -k r ,—kr+i)+{%,—,%) 


X _(2r+i)v 
A ’ T (k/2,...,k/2,-k/2) 


nu ( A - 2 t? - !))* 


F.r, 


(2r+l)V 

(fc/2,...,fc/2,-fc/2) 


n.; : =i (A - 2 (j - l)) m ._ fc . +fc (A - 2r + l) fc _ 


'J ^3 

1 


«r+l 


n-=i (A + k - 2{j - l)) m ._ k . (A - 2r + l) k _ kr+1 


To begin with, we determine the normalizing constant c\. Since V\x c is decomposed 


as 


T/ (2r+l)V 

V / b h 




1=0 


(2 r)V 

/ fc fc fc _/\ ? 
\ 2 2 ’ 2 / 


and V,^ v k k \ has the restricted lowest weight — (|( 7 i + • • • + 7 r _i) + %^ 7 r)| and 

l2’---’2’2 _ v _ a ‘ 

remains irreducible when restricted to AT = Sp{r), by Theorem 13.11 1| • ||| r converges if 
Re A > 4r — 1, and we have 


c 


-l 

A 


:_ l _y 

dim V/ ( f +1 | V _fcN i =0 

V 2 2 ’ 2 / 


dimV'/|^ v fc 


A T n (A + (A:,...,fc,fc-0-(2r + l)) 
0 ) Ta{X + {k,...,k,k-l)) 


1 _1__ ( 2r+ / *) _ 

( 2r fc +fc ) n-=i(A + A’ - (2r + 1) - 2{j - I )) 2r+ 1 ^ (A + k - l - (4r - l)) 2 r+i 


n-=i(A + A’ — (2r + 1) — 2{j — l)) 2r +i(A — 4r + l) 2 r(A + k — 2r + 1) 
(A — 2r + l) k 

rij=i(A + k — (2 r + 1) — 2{j — l)) 2 r+i(A — 4r + l) 2 r +i+fc 
Tn(A + (k, . .., k, 0) — (2 r + 1))(A — 2 r + 1)^ 

r n {\ + {k,...,k,k)) ■ 
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Next we compute the If-type decomposition of 0(D , V)k = ^(p + ) © vj\ r+1 ]^ k .. 

V2’"-’2’ — 2 ) 


V(p + )®v^ r+ 1 l w M = 


, 2 2 ’ 2i 


© T A (2r+i) v T / (2r+l)V 

(mi,mi— ki,rri 2 ,m 2 —k 2 ,...,m r ,m r —k r ,~ fc r +i)+(fv 5 §) ’ 


m£Z; 


© © if +1)v 


mGZ; + kG(Z> 0 ) r+1 , |k|=fc 

0<kj < rrij — rrij _|_ i 
0 <k r <m r 


To apply Theorem 13.11 for each If-type, we determine the image of each if-type under 
rest : V(p + , V ) —> "P(pT, 1/). Since we have 


rest [ 14 (2r+1)V 


V, 


(2r+l)V 


(mi,mi,m2,m2,...,m r ,m r ,0) — ^ 


=v; 


(2r)V 


v; 


( 2 r+l)V 


(mi,mi,m 2 ,m 2 ,...,m r ,m r ) ^ ^k^^^k^ — k^ 

k 

© © 


= v; 


(2r)V 




(mi ,mi,m2,m2,...,m r ,m r ) 


©ht 1 ! 


z=o 


(2 r)V 

/ fc fc k—]\ 
V 2 2 ’ 2 V 




(2r)V 


/=0 lG(Z> 0 ) r , |1|=/ 
0<lj<mj— mj_|_i 


(mi,mi-Zi,m2,m2-Z2,.** 5 ^r,m r -Z r )+(|,...,-|) ’ 


and the abstract decomposition of if "'-modules under ifS is given by Lemma EH we have 


rest ( y( 2r+1 ) v 

(mi,mi—ki,m 2 ,m 2 —k 2 -..,m r ,m r —k r — fc^+il+d,—,§) 


C © © 

Z=fc-/e r+ i l€(Z> 0 ) r , |l|=i 
kj < lj < rrij — rrij _|_ i 




(2r)V 


(mi,mi—li,m2,ni2—l2,---,m r ,m r —l r )+(^,...,^y 


Then, the only if^ = 5p(?’)-spherical submodule in 


V, 


(2r)V 




(2r)V 


(mi,mi— Ii,m 2 ,m 2 — L)+(|, ••■,!) i) 




(2r)V 




(2r)V 


(mi,mi— h,m 2 ,m 2 —l 2 ,---,m r ,m r — L)+(§, ■■■,§) —i) 


is v/ 2 ^ v , , , , , 7 \, which has the lowest weight -((mi — Zi + 

fc) 7 i + • • • + (m r — l r + kYfr). Therefore by Theorem 13. 11 there exist non-negative numbers 
Um.k.l such that for / G V limi _ fcl) ... imr)mr _ fcr! _ fcr+1 ) + (|,... i |), the ratio of norms is given 
by 


CA 


2 

A,t _ 

F,r Zl * m W i=fc _ fcr+ i le(Z>o) r ', |1|=Z 

kj < lj < rrij _|_ i — rrij 


Y Y 


Tn (A + (A:,..., k, k — Z) — (2r + 1)) 

Tq(A + m — 1 + (A:,..., A:)) 

Vk,i(A ~ 4r + l) fc _ z _ 

V, a m k i ^ ^ n--i (A + A: - 2(j - l)) m ._,.(A - 2r + l) fc 

m,K,i l=k _ kr+1 i e (z> 0 ) r , |l|=Z u )>m i bv ^ 

kj < lj < m j _|_ i — rrij 


l 


E E 


It is difficult to know the exact values of a m ,k,l> but at least we have proved 


41 









Lemma 5.6. For f E y( 2r+1 ) v t/ie ratio of norms is 


, (2r+l)V 

' A ’ '(fc/2,...,fc/2,—fc/2) 
2 

p (2r+l)V 
r ' T (k/2,...,k/2,-k/2) 


(monic polynomial of degree k r+ i) 

n;=i(A + k — 2 (j — l)) m -_fc-(A — 2 r + 1)* 


Next we consider Ga '■= SU(2r, 1), which is realized as (15.11) . and embed Ga ^ G as 


a b 
c d 


(a 0 0 6 ^ 

0 d —c 0 

0 —b a 0 

\c 0 0 dj 


a€M(2r,C), b E M(2r, 1; C), 
cE M(l,2r;C), dE C 


Then the positive root system A + ( 0 ^, (fi n 0 a) <L ) of 0 a, induced from A + (0 , 1) (L ), has the 
simple system 

{£j - £ j+1 : j = 1, 2,..., 2r - 1} U {e 2r + £ 2 r+i}- 

Each representation of K ^ = S(GL(2r, <C)xGL(l, C)) is of the form (rm Em^ V <8> 

VmJ V ), and we sometimes abbreviate this to ^(m-mo)) - Clearly c )-m 0 -c) — 

^(m-mo) ^ 10 ^ S as -fT^-modules for any c. The representation t \ of G on 0(D,V ) is given 
by (15.61) . and if we restrict this representation to Ga, we have 


T\ 


( (a 0 0 b\ 1N * 

0 d —c 0 

0 — b a 0 

^ \c 0 0 dj j 


w v 

0 


= det(a* + vb*) A/2 det(cn + d) X,2 T ( ' 2 [ +l) k _ k . 

\ 2 2 ’ 2 / 


a* + vb * —w t c 


X/ 


0 \cv + d) 

(a* + vb*) -1 w t (a* + vb*) -1 (av + b)(cv + d) -1 


— ((av + b)(cv + d) x ) 


0 


= det (cv + d) ^ + Q Vb 


—wc 


X/ 


t (cv + d) 

(a* + vb*) -1 w t (a* + vb*) -1 (av + b)(cv + d) -1 


— ((av + b)(cv + d ) x ) 


0 


(w E Skew(2r, C), v E C 


2 r\ 


For N E N, let 7 ? <Ar(Skew(2r, C)) be the space of polynomials on Skew(2r, C) whose 
degree is smaller than or equal to N , and let Da C C 2r be the unit disk. Also, let 
incl : = V% r ’ 1)v k k k] V% r+1 l v k , be the if A -equivariant inclusion. Then 

by the above computation, the map 


: 0(D A , (V< N (Skew(2r, C)) 1C)® e|;;^. 0) ) ->• 0(D, V} ( f +1 f 

«■(/) 


v 2 2 ’ 2> 


q ) :=incl(/(u,w)) 


42 










intertwines the G A action, and we can also prove that i preserves the Fischer norm. Thus 
we study the space 

Q(D a , ('P<j V (Skew(2r, C)) 1C)® V^ 0 . 0) ) Ka 
=V(C 2r ) ® (P<jv(Skew(2 r, C)) 1C)® V^ k \ 0) 


© V (moT-,o-, mo ) ® © V ( 


(2r,l)V 


d2r,l)V 


(mj,mj ,m 2 ,m 2 ,...,m r ,m r -, 0 ) ^ (k,...,k, 0;0)" 


|m|<JV 


This space is not irreducible under Ga- For m £ Zj_, and 1 € Z > 0 we define 

rr M * (mi,mi— /i,m2,rri2—Z2 ,...,m r ,m r —Z r ; 0 )+(Ai,...,Ai; 0 ) 

C y( 2r,1 ) V ( 9 ) y( 2 r d)V 

(mi,mi,m2,m2,...,m r ,m r ;0) ^ (fc,...,fc, 0 ; 0 ) 

C(iP<A(Skew(2r, C)) 1C)® V^£m’ 


so that 


CP<jv(Skew(2r, C)) 1C)® V^’%. 0) = © © 

mez r ++ iezt, 0 , |i|=fc 
|m|<JV 0<lj<mj—m,j+i 

0(£>A,(^<Jv(Skew(2r,C))KIC)®^ ( ( fc ^ 0; o)) = © © OPa,^). 


mez; + iez^ 0 , |i|=fc 
|m|<A 0<lj<mj— rrij+i 


Also, for m € Z+ + and k £ ZC ^ 1 we set 
TT mk :=V) (2r ’ 1) , v 

111 (mi—fci.mo.mo — fco.m.o. 


‘ (mi—fci,m2,m2—Ai2,m3,...,m 7 —1—Ai r _i,m r ,m r —Av,—Av_|_i;mi )+(&,...,/c; 0 ) 

cl/( 2r,1 ) v 65 Ty( 2r,1 ) v 

(mi,m2,m2,m3,...,m,— i,m r ,m r , 0 ;mi) ^ (/c,...,fc, 0 ; 0 ) 

Cl/( 2r,1 ) V 65 T/^ 2 r, 1 l v (9) w( 2 r d)v 

(mi,0,...,0;mi) ^ (m 2 ,m 2 ,m 3 ,m 3 ,...,m r ,m r ,0,0;0) (/c,_,/c,0;0) 

CP(C 2r ) <g> (iP< JV (Skew(2r, C)) 1C)® V ( ( fc 2r ’^ 0;0) . 

Then we have the following. 

Lemma 5.7. (1) i(W m k ) C w( 2r+1 ) v , fc fcv 

(mi,m.i—fci,m 2 ,m 2 — k 2 ,...,m r ,m r —k r ,— fe r +l)+( §) 
i'i'm.k T © 0(D A ,F( m2t 


l€(Z>o) r , |l|=fc 

L j ^ Aij -|— ~i, l*p ^ k r —|— i 


W t (F m>1 ) C © 


n e( z >o) r+ b |n|=fc 

Tlj , 7l r _|_ 1 TTX'p 


^(2r+l)V 

(mi,mi-ni,)n 2 ,m 2 -fi 2 ,...,mr,m r -nr,-Hr+i)+(|,...i|) ’ 


Proof. (1) The polynomial space T’(C 2r ) (8) ("P(Skew(2r, C)) C) is decomposed as 


r(c 2 ’-)®(r(Skew( 2 r ,€))HC)= 0 ® 0 r ( S£, 


r(2r,l)V 


m 2 ,m 2 ,... ,m r ,m r ;0) 


y( 2 *M)v 

VL7 (mi+li,mi,m2+l2,W2,...,m r +I r ,m r ;mo) ’ 

mGZ; + lG(Z> 0 ) r , |l|=m 0 


0</ 7 <m 7 _i-m 7 - 
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and similarly to (15.91) . we have 


V, 


(2r,l)V 


c V, 


(2r+l)V 


(■ mi+li,m,i,m2+l2,m2,...,m r +l r ,m r ;mo) (m\+l,,mi+h,m2+l2,m2+l2,---,m r +lr,m r +l r )' 

Therefore we have 

L /y( 2r ’ 1 ) v (Oj y( 2r 4)v 

(mi-\-li,mi,m2-\-l2,m2,...,m r -\-l r ,m r ;mo) ^ (fc,...,fc,0;0) 


CV, 


(2r+l)V 


(mi +li,mi+li ,m2+h, m2+(2,...,m r +l r ,m r +! r ,0) 


incl f 


(k,...,k,0;0) 


CV, 


(2r+l)V 


(p, y(2r+l)V 

(m 1 +/ 1 ,m 1 +ii,m2+/2,m2+i2,.-->^r+ir,m r .+/ r ,0) ** (| iiiv S r |)' 

Especially, by putting 1 = 0 we have 


(5.10) 


® ind ( F (£’!m; 0 )) 


IT ^y( 2 ^+l)V 

m T (mi,mi,m2,m2,...,m r ,m r ,0) 

rE (2r+1)v 65 y( 2r+1 ) v 

(mi,mi,m2,m2,...,m r ,m r ,0) ^ 


Let v € VL m k be the highest weight vector. Then 

t(v) = ui j (8> V2 i £v!' 2r+1 ' >V m <g) incl (v^ r,1 } V n 


0 ) 


CVJ 


(2r+l)V 


T/ (2r+l)V 

V / fc- t* 




has the weight —(—k r+ i,m r — k r . m r ,..., m 2 — fo, m 2 , mi — ki,m\) — , vanishes 

under root vectors x € ^._ £j+1 (j = 1 ,..., 2 ?’ — 1 ) since v is the highest under K'^. and also 
vanishes under root vectors x € £ e 2r - £2r+1 since each v\^, v-i.t has the weight —mi) 

and 0) — (|,..., |) respectively, where * are some integers. Thus i(v) becomes 

a highest weight vector of E/ 2r+1 ^ V , , , , , /k k \. 

(mi,mi—k\,m,2,m,2—k2,...,m r ,m r —k r ,— Av+l)+( ^ >■■■>f J 

(2) We have 


W m . CV, 


V 6?) y( 2r,1 ) v ,<>) y( 2r 'l)V 

(mi,...,0;mi) w (m2,m2,m.3,m3,...,m T .,m r ,0,0;0) ^ (fc,...,fc,0;0) 


© y v (P) y( 2r 4)V 

(mi,..., 0 ;mi) ^ (m2,m2— L,m3,1713 — l2,...,m r ,m r —l r — 1, 0 ,—/ T -; 0 )+(fc,...,fc; 0 ) 


iez> 0 , |i|=fc 

0 < Ij < mj 4.1 — m j 4.2 

^(mi,...,0;mi) ® -^(m2,...,m r .,0),lj 

ieK> 0 , |l|=fc 

0<lj<mj-\-i—mj+2 


and abstractly 




(mi—ki,1712,1712—k>2,m3,...,m r —i—kr—i,m r ,m r —k r ,—kr+i'imi)-\-(k,...,k; 0 ) 


cv 


(2r,l)V 


V, 


(2r,l)V 


(mi,0,...,0;mi) ^ (m2,m2—h,m3,m3—l2,...,m r ,m r —l r -i,0,—l r ;0)+(k,...,k;0) 


holds only if lj < fcj+i, l r > & r +i holds. 
(3) By (j5. lOj) with 1 = 0 we have 


, / 77 \ ^t/( 2 ^+ 1 )V „ -r 7-(2r+l)V 

v (mi,mi,m2,m2,-..,m r ,m r ) ^ 

0 VfM-'IV 

vlx (mi ,mi — 


n e(Z>o) r+1 , |n|=fc 

n j <mj — 


(mi,mi— m, m2,m2— n2,...,m r ,m r —n r ,—n r +i)+(^,...,-|) 
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Combining with the abstract branching rule under K c D (Lemma 15.311 , we get the 
desired formula. □ 


Now we want to show that, on V 


(2r+l)V 


by 




the ratio is given 


A,r, 


(2r+l)V 

(k/2,...,k/2,-k/2) 


F,r, 


(2i-+l)V 

(k/2,...,k/2,-k/2) 


UU (A + k - 2(j - l)) m ._ k . (A - 2 r + l) k _ kr+1 


(5.11) 


by induction on min{j : rrij = 0 }. 

First, when m = 0 i.e. on FA k , (15.111) clearly holds by the normalization 

( 0 ,..., 0 ,— k)-\- 2 

assumption. Second, we assume (15.lip holds when rrij = 0, and prove this also holds on 


V, 


(2r+l)V 


(mi,mi— ki,...,m r ,m r —k r ,— fc r +i)+(|,...,|) 


when rrij + i = 0 . 


By Lemma 15.71 (1), it suffices to compute ||t (/)|| 2 T /\\ i (f)\\ 2 F T f° r / € TFmk- For any 
1, let f\ be the orthogonal of / onto 0(D\, F m / i), where m' := (m 2 ,..., m r , 0). Then by 
Lemma 15.71 (2), we have 

/= E /'• 

ie(z>o Y, |l|=fc 

l j /Cj -|- 1 , Iqr* ^ 1 


and there exist 61 > 0 such that ||t(/i)||^ = 6 i||i(/)|||, holds. Next, by Theorem 15.11 we 
have 


lk(/l)IU,r lk^l)l|F,r 
Mfl)\\F,r ||«lkr 

n;=l((A - ( 2 j - 2)) m . +1+fc (A - (2 j - l)) mj+1 -i j+k )(\ - (2r - l))_ lr+fc 
n’=l((A - (2 j - 2 )) m ._ kj+k (X - (2 j - l)) mj+1+k ) 

x (A - (2r — 2)) r7lr _A v+ fc(A - (2r - l))_ fcr+1+fc 
rij=i(A + k — 2(j — l))m J+ i n, r = 2 (A + k — (2j — _ X (A — 2r + l)fc_; r 

n-=i(A + A; — 2(j — l)) mj _ kj n, r = 2 (A + k — (2 j - 3)) mj (A — 2 r + l)fc_fc r+1 


where ui is any non-zero element in the minimal K^-type F m /j. 
orthogonal projection of i(ui) onto y( 2r+1 ) v 

(m2,m2—ni,m3,m3—n2,...,m r ,m r —n 


Next, let ui n 

r _l,0,0,-n r )+(|,.. 


that 


= ^2 ^l,n 

ne(Z>o) r , |n|=fc 
Tt j ^ l j ■> 7T/t- ^ Zy 


be the 

fc ^ j so 


by Lemma 15171 (3). Then there exist q n > 0 such that ||vi in |||i T = ci jn ||t(ui)|||, T holds. 
Next, by the induction hypothesis (15.111) . for each n we have 


Kn|II, T _ 1 _ 

Ibi.nll^r n-=i (A + k - 2 (j - l)) m . +1 _ n . (A - 2 r + l) k _, 
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Thus for each 1 we get 


7 lj<lj , n r >lr 

= E 


lk.. P |li,T 

IKnll^r 


Cl,r 


TV— 1 

n<E(Z> 0 ) r , |n|=fc ^ 

TL j *n l j i TLr ^ Z 1 


=fc n;=i (A + fc - 2(j - l)) m . +1 _ n . (A - 2 r + l) fc _ r 

monic polynomial of degree k — l r ) 


UU (A + A: - 2 (j - l )) mj . +1 (A - 2 r + l) fc _; r 


and therefore we get 


k(/)ll 2 


A,r 


k(/)llF, r 


E 


ie(z> 0 ) r , |i|=fe 

l j ^ fc j -|- ~| , 


ll/lllt 

11/illL 


, / (monic polynomial of degree k — l r ) 

ie(z>o) r , |l|=fc Vn i= i (A + k — 2 {j — l))„ v+1 (A — 2 r + l) fc _; r 

|-~| s lr ^ /Cy*—|-1 

rij=i(A + & — 2(j — l))m i+ i n-= 2 (A + k — 2(j — 1) + l)m 3 — Zj-^A — 2 r + 1 )k-i r 


n-=r(A + — 2 (j — l)) mj --fc 3 - n;= 2 (A + A’ — ( 2 j — 3 )) mj .(A — 2 r + 1 )k-i 

(monic polynomial of degree /c 2 + • • • + fc r ) 

n-=i(A + ^ — 2 (J — 1 ))mj-kj n-= 2 (A + & + — kj — (2 j — 3))kj (A — 2 r + 1 )&-/ 

On the other hand, by Lemma 15.61 we have 

(monic polynomial of degree k r+ 1 ) 


-r+1 


■r+1 


m\\jr 

\ l U)\\ 2 f, t n-=i(A + k — 2 (j — l)) mi -fcj(A — 2 r + 1 )a 


so combining these two formulas, we get 

Hmlr _1_ 

\VU)\\ 2 f,t ]lj=i(A + k — 2 (j — l)) m ._ k .(X — 2 ?’ + l)k-k r+ i ’ 


and the induction continues. Thus we have proved (15.111) for any m, and proved Theorem 

lT 5 l □ 

5.5 Conjecture on i? 6 (-i 4 ) 

In this subsection we set G = £^(- 14 ) • Then we have 

f ~ so(2) ® so(10), p 1 * 1 ~ Af(2, l;Oc), gx — so(2,8), l~M©so(l,7), t t ~so(7), 

r = 2, n = 16, d = 6, p = 12. 

We take a Cartan subalgebra h C t. Then we can take a basis (toEi) ■ ■ ■ , ts} C yf— II) 
and {eo,£i,... ,£ 5 } C (a/^—T f)) v , such that 

4 

e o(t?) = ,ji £i{tj) = $i,j (i = 1, ..., 5, j = 0,1,... , 5), 
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and the simple system of positive roots A + (0 C , b c ) is given by 


|ei — £2, £2 — £3? £3 — £4, £4 — £ 5 ) £4 + £ 5 ) 


3 1 . 

-j; £ o + 2 (~ £ i - £2 - £3 - £4 + £5) 


where |eo + ^( — ■£1— £2 —£3 —£4+£s) is the unique non-compact simple root, and the central 
character of is given by d\ = £o- The set of strongly orthogonal roots {71,72} C A p + 
is given by 

3 1, . 31. 

7 i — ^£o + — (£1 + £2 + £3 + £4 + £5)) 72 — ^£0 + — (£1 — £2 — £3 — £4 — £5); 

and 1 )t := f) H 0 t, ci[ is given by 


V— 11)T = 


span 


3 1 

^0 + 2*i> *2j h, U, h 


ci[ = span 


^0 + 2 ^ 1 ’ 2 + ^3 + ^4 + £5) 


We denote the restriction of Sj to y/~-Tt)T by the same symbol Sj (j = 2 , 3 , 4 , 5 ), and define 
£} € by 


£i(^° + ^ 1 )= 1 , £ , i(ii) = 0 (j = 2,3,4, 5), 

so that (mo£o + w-i£i)| v ^i( lT = (mo + \ m \) £ '\ holds. Also, we define e 3 , e 4>£5 
(\/—11}t) v such that they satisfy the relations 


£2 — 2 T e 3 + £4 + £5)) 
e 2 + £3 = e 2 + £3) 


2 ( e 2 + £3 + £ 4 + £ 5 ) — e 2 , 

2 ( £ 2 + e 3 + e 4 “ e 5 ) = 9 ( £ 2 + £3 + £4 - £5), 


so that 7 ilv=ilj T = £ 'i + £ 2 > 72 |y 3 Tf lT = £ 'i ~ £ 2 holds - 

For (m 0 ; m)eCx(z 5 u(Z + ^) 5 ) with mi > • • • > m 4 > |m 5 |, let (r^^, V^ 1 . 0 ^) = 

(x m ° El Tm°^, C mo ( 8 ) hi 101 ) be the irreducible t c -module with highest weight mo£o + mi£i + 
••• + 777565. Also, for (mo; mi; m2,..., 777,5) £ C x C x ^Z 4 U (Z + ^) 4 ^ with m2 > 

^ ^ I 11./ [2,2,8] T 7- [2,2,8] n / [2,8] T/ [2,8] n 

m3 > 7774 > 777,5 , let (r, s,Vy A, (77 ,,vy A 

and (t) 2,8 ^ v) 2,81 " A be the irreducible tm-rnodule with highest weight mo£o + 

v (mi;m2,...,m5) / ± ° ° u u 

mi£i + m 2 £2 + • • • + 777565, mi^ + m 2 £2 + • • • + 777565, and mg) + 777262 + • • ■ + 777565 
respectively. Then as in Section T 4 .ll we can show 


( r < 


[2,8]cj y[2,8]cj 

(mi 5777.2,777.3,777.4,777.5) ’ (mi ;m 2 ,m 3 ,m 4 ,m 5 ) 


) ~ (Y 2 ’ 8 ^ v l *’° Jaj ) 

' ' (mi;m 2 ,m 3 ,m 4 ,-m 5 )’ (mi 5777.2,7773,777.4,—777,5)' 

The goal of this subsection is to prove the following propo- 


[2,8]a 


We set V = V, 


sition. 


[ 2 , 10 ] 

-|;fc,0,0,0,0)‘ 


Proposition 5.8. When G = A , 6( _ 14) and (t,V) = 

|| 2 T converges if Re A > 11 , the normalizing constant c\ is given by 


(k € Z>o), 


c\ — (A — 7 + k) 7(A — 8 )(A — 11 ) 7 (A — 4 + k ), 
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the K-type decomposition of 0 (D,V)k is given by 

,[io] 

1 , 0 , 0 ); 

,[ 10 ] 


V(p + ) 8 I C _ t/2 H 


© © 

mez 2 ++ kG(Z>o) 4 , |k|=fc 
k2+k4<m,2 
/C3 <7711—7712 


c -f (mi+m 2 )-| ^ ^ mi+m 2 +fci _ fc ; 


—m 2 | ^ m2 m l —m.2 — m2 


+A 13 


and for f € <C_ 3 (mi+m2) _| Kvj 1 ^ 
0 / norms is of the form 
Jio] 


L +fc 2 ,i 


L +^3) 


, the ratio 


^,X-fc/ 2 ^T( fci o, 0 , 0 , 0 ) (A)fc(A — 3 )k(monic polynomial of degree 2k\ + /C 2 + £ 3 ) 


-P’,X-fc/2® r ( fci o, 0,0,0) 


(A)mi+fci+fc 2 (A 3) m 2 +fci+A:3 (A 4)fc(A 7)fc 
(monic polynomial of degree 2k\ +^2 + ^ 3 ) 


(A + ^-)mi+fci+fc 2 —fc(A © k 3)m 2 +fci+fc3—fc (A — 4)fc(A — 7)fe ’ 

Before starting the proof, we quote the following lemma about the restriction of the 
representation V l 2s l of so ( 2 s + 2 ) to so ( 2 ) © so ( 2 s). 

Lemma 5.9 (j25, Theorem 1.1]). 


V, 


[2s+2] 




so(2)©so(2s) 


0 0 

mi-i>n,i>\mi + i\ no 
m a _i>|n s | 




(n 0 )vf 2,2s] ., 


where c (^ 0 > m ^y’ ms )( no ) g Z>o is the coefficient of X n ° of the polynomial 


©1 ^a 2 +i _ x-“j-i 

X“ s JJ 


l=o 


X-X 


-1 


where 

ao = mo — maxjmi, ni}, 

Oj = min {nij,nj} — max{|mj+i|, |rij+i|} 
a s = (sgn m s ) (sgn n s ) min{ | m s |, | n s |}. 

From this lemma we can easily deduce the following. 

Lemma 5.10. 

k 


(j = l,...,s-l), 


V, 


[2s+2] 


(fe ,0 . 0 ) 


so(2)©so(2s) 


© ® 

l\ —0 Zq£=^ 5 |Zol<Ai—Zi 

k—lo—he 2Z 


v. 


[2,2s] 

(io;h,0,...,0)‘ 


Now we start the proof. To begin with, we determine the normalizing constant c\. 
Since vJ 2 ’ , is decomposed under t© as 

( ^5rC,U,U,U,U ) 


V, 


[ 2 , 10 ] 


(-|;fc,0,0,0,0) 


© T/t 2 , 8 ] 

V { >=1 +fc 2 

Aii ,Ai2GZ>o 
Al>/ci>Al2>0 


- © © 

q=o i 0 ez, |i 0 |<fe-Ji 

k—lo—li G2Z 

[2,8] 

±^;fcl-fc 2 ,0,0,0 


V, 


[ 2 , 2 , 8 ] 


(-|;Z 0 ;h, 0,0,0) 


ffi © 

Zi —0 Iq(E:Zj, |Zo|<Ai—Zi 
k—lo—li£27j 


V, 


[ 2 , 8 ] 

^iia ; z 2 , 0 , 0,0 


© ©1“ 


Aii 5 Ai2GZ>o 
k>ki>k2>0 


1 + fc 2 . fc 1 ~ fe 2 fe 1 ~ fc 2 fc 1 ~ fe 2 fc l~ fc 2 ^ ’ 
2 ’ 2 ’ 2 ’ 2 ’ 2 
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each Vf' % l* +k2 fcl _ fe2 k ^_ k? fcl _ fc2 fcl _ fc;A remains irreducible under t r = so(7), and has the 
V 2 ’ 2 ’ 2 ’ 2 ’ 2 ) 

restricted lowest weight — 5(^171 + ^ 272 ) | a , by Theorem l3.ll ||-||| T converges if Re A > 11, 
and c\ is given by 


c 


-1 

A 


1 


E 


dim V/_| x fci,fc 2 ez > 0 

v 2 ’ k>ki>k 2 >0 




2 ' 2 



j ^ fci— k 2 +7^ _ ^ki—k 2 +5^ 

FfHT) »„£>o (-^ + ^1 -s) 8 (A + fc 2 - n) 8 - 

fc>fci>fc 2 >0 


Tn(A + (fci ,k 2 ) - 8) 
Tn(A + (k\, fe 2 )) 


For l E Z>o, we define 


F(A,I) 


E 

fcl,fc2SZ>o 

l>k!>k 2 >0 


^ki—k 2 +7^ _ ^ki—k 2 +5^ 

(A + &7 — 8 )s(A + 7’2 — 11)8 


Then it satisfies 


F(A, l + 1) 


E + E 

<l>ki>k 2 >0 l+l>ki>k 2 >l 


E + E ) 

l>k!>k 2 >l (fcl,fc 2 ) = (i+l,0) J 


^ki—k 2 +7^ _ ^ki—k 2 +5^ 

(A + fci — 8 )s(A + /C 2 — H )8 


=F(A, Z) + F(A + 1,0- ^(A + 1,1-1) + 


( l+ 7 8 )-( l+ 7 6 ) 


(A + l — 7)s(A — 11)8 


Solving this recurrence relation, we get 


F(X,l) 


: i t 9 )-(V) 


(A - 7 + Z)r(A — 8 )(A — 11) 7 (A - 4 + l) ’ 


and thus we have 


c A =(A — 7 + k) 7 (X - 8 )(A - 11) 7 (A - 4 + k) = 
Tn(X + k) 


(A — 8)fc + 8(A - ll)fc+8 
(A — 7) fc (A — 4) fc 


r n (A-8)(A-4) fc (A-7) fc ' 


Next we compute the K- type decomposition of 0(D,V)k = F(p + ) © V7 


[ 2 , 10 ] 


By Theorem 12.11 and the “multi-minuscule rule” |24l Corollary 2.16], we have 


(-|;fc,o,o,o,o)‘ 


^+)®^(-£Uo,o) 
= ® 7 


[ 2 , 10 ] 




[ 2 , 10 ] 


(_|( mi+m2 ) ; Hll+I!12 mi ~m 2 , mi-m 2 , mi^2 W (-§ ;fc, 0,0,0,0) 


© 0 


F 


[ 2 , 10 ] 


iez^ + ke(z> 0 ) 4 , |k|=fc 

&2+&4 <7712 

k^<m\—m 2 
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In order to apply Theorem l3.ll we observe the image of each A'-type under rest : V(p + , V) —>• 
V(pj>,V). For each m € z 2 ++> we have 


rest y 2 ' 1 ” 1 __0 y 2 - 101 




^3 (mi+m2) . m x + m2 ^ mi -m 2 mi - m2 * mi -m 2 _ \ ^ (- § ;fc, 0,0,0,0) 

6d wl 2 ’ 8 ! 

( fa, lm ,v m i- m 2 "■r'"2 ^ Vl 7 ( k\+k ' 0 ,, , ;nnn 

v (mi+m2h 2 - 2 > 2 . 2 ) fc / )fc / eZ > 0 (“ 4 - a ; fc 1 - fc i .°. 0,0 


k>k[>k' 2 >0 


© ® y 


fcbfc 2 GZ>o il,^2SZ>0 y y 

k>k\>k' 2 >0 h<m 1 -m 2 

h+h=ti 1 -k' 2 


[ 2 , 8 ] 


We write A, + k 2 = : Zq> so that &i = ^(Zq + Zi + Z 2 ), k 2 = ^(/q — Z 4 — l 2 )- By Lemma 15.9 


rest V, 


[ 2 , 10 ] 




nv, 


[ 2 , 8 ] 




/W 


implies 

0 < Zi < m 2 + k\ — &; 4 , 0<l 2 < mi — m 2 , 

and the coefficient of x 2 H mi+m2+ ^) + (* (mi+TO2)+ 5)) = _ Zo+fc Qf thg polyno _ 

j^ao+l _ J^—ao —1 ^Y ai + 1 — _Y ~01 —1 ^^3+1 _ _Y-o 3 -l 


mial 


A a4 - 


X-X 


-1 


X-X 


-1 


x-x 


-1 ’ 


does not vanish, where 

mi + m 2 


oo —- 


7 7 , m 1 -m 2 . rri\ - rn 2 

+ K\ — fc 4 — max ^---1- k 2 ,---1- <1 


=m 2 + k\ — L ’4 — max{ k 2 , Zi}, 


mi — m2 mi — m2 I mi — mo 

ai =111111 <---h k 2 , ---h h } — 


= mm{k 2 ,h}, 
mi ~ m 2 

a 3 =--— 2 — max 


mi — m 2 


- k 3 


mi — m 2 


-h 


, m i — m 2 \ I mi - m 2 , 

a 4 = sgn---h k 3 sgn ( --- l 2 ] nun 


This condition is satisfied only if 
mi + m 2 


mi — m 2 


— k ? 


mi — m 2 


-h 


— lo + l:^ — ci 0 — fli — (Z 3 + 04 

= - mi ^ m2 - ki + fc 4 + |/c 2 - h\ + |fc 3 - l 2 1 

.-. Z 0 <fe + ki - ki—\k 2 -li\- \k 3 - l 2 1 
= 2 /ci + k 2 + Ze 3 - |fc 2 — Zi| - | k 3 — l 2 \. 
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Thus we get 


rest V, 


[ 2 , 10 ] 


c 


[ 2 , 8 ] 


© 


V, 


- mi+m2+f ; 


2 “th, 2 


lo,h,h&^>ot lo—h—l 2 &Z>o 

l\<m,2+k\— /C4, l2<m\—iri2 
lo< 2 ki + k 2 + k 2 , — \k 2 —ll\ — \k 3 —l 2 \ 

For each mi,m2,lo,h,l2, we have 

y[2,8] 

and as in Section B~5l l[ = so(7)-spherical irreducible submodules in 

r[2,8]iJ 


'—h 






V, 


y 


[2,8 ]oj 


(_( mi+m2 + k) ;mi _ m2 +lJ^,h±l2,ll+i2,h^2) 11+12,11+12,11+12,11+12) 


~y 


[ 2 ,% 


y 


[2,8]w 


(-(m 1 +m 2 +^) ; m 1 -m 2 +ll^la,ll±la,il±l2,ll^) ^^^^ -^©r 2 ) 


are 


isomorphic to +mj +Zq) ;mi _ ma+h _ h , which has the lowest weight 


— TO! + 


Zo + h ~ h 


71 - m 2 + 


Zo — Zi + h 


72- 


[ 2 , 10 ] 


Therefore for / € V, , , N 

J (_3 (mi+m2 )_fc.I^l^ +fcl _ fc4) IIU^ +fc2i I^l^ i ^l^,_I^ 2+fc 3) 

orem EH the ratio of norms is given by 


A ,T 


c\ 


E 


, by The 

a m .k,iro (A + (k±h±h , Mpk) 8 ) 


' F,t Si a m,k,i ( 0 ,; 1 ,; 2 gz> 0 , Zo_h_i 2 G2Z> 0 fn (a + fmi + ,0+/ 2 1 * 2 ,m 2 + 2 + * 2 )) 

' ^ ' ' '■■ ' <mi-m 2 

■ill-1^3 — i 2 | 

®m,k,i(A)fc(A 3)^(A — 8) io+ix+i 2 (A 11) iQ-ij-12 


l\<m2+k\— fc 4 , l2<m\—m2 
lo< 2 ki+k 2 +ks — |fc 2 —ii|—|fc3—( 2 | 


1 


E 


^ l0mkl J 0 ,J 1 ,J 2 ez> 0) i^-i 1 -J 2 e2Z>o ( A ) mi +ia±hE2( A 3 ) m2+ lflEi±l2 ( A 4 M A 7 )fc' 

Zi<m2+/ci—^4, l 2 < , mi—m 2 

i0<2fci-hfe2+fc 3 -|fc2-il|-|fe3-Z2| 

using some non-negative numbers a m .k,i- Now, since 

Zo + h ~ h E2fci + /C2 + ^3 — |&2 — ii| — |/c3 — Z21 + ii — Z2 

< 2 /ci + 2k2 — (k-2 — h) — \k-2 — h\ + (k 3 — Z 2 ) ~ 1^3 — ^21 E 2(k\ + A^), 

Zo — h + ^2 E2&1 + ^2 + ^3 — |&2 — ill — 1^3 ~ ^21 — Zl + I2 

<2k\ + 2k^ + {k,2 — h) — |&2 — Zi| — (&3 — h) ~ |&3 — Z2I E 2(&q + £3), 


we have 


A,r ( A )fc( A — 3)fe(monic polynomial of degree 2 k± + ^2 + £3) 


l-F,r ( A )mi+i;i+fc2 ( A ^)m. 2 -t-fci+fc3 ( A 4 )fc( A 7 )fc 

and we have proved Proposition 15.81 

By k2 + £7 < m2 and k 3 < mi — m2, we have the inequality 

mi + ki + k 2 > m2 + ki + k 3 > k 2 + k 3 + £7 > £7. 

Thus the author conjectures the following. 


□ 
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Conjecture 5.11. For f € C_| (mi+m2) _^ 
the ratio of norms is given by 


-[10] 


+m.2 


mi-m 2 , mi-m 2 nil-m2 "H-m 2 | V 


+ fcl-fc 4 , U 2 +fc 2 , 


(A)fc(A - 3)fe 


A,x-fc/2^ c [ fc°0 ;0 , 0;0) __ 

“1 [io] (A)mi+fci+fc 2 (A — 3) m2 _|_fc 1 _|_fc 3 (A — 4)/ C2 _|_fc 3 _)_/ C4 (A — 7)fc 4 

F ^-‘/2 Bt (M,0 ,0,0) 

1 


(A +/u) mi _|_/ cl _|_fc 2 _fc(A + A’ 3) m2 _]_fc 1 _^^ 3 _fc (A 4) fe2+fe3+fc4 (A 7)^4 


6 Analytic continuation of holomorphic discrete series 

In the previous sections, we calculated the norms of the holomorphic discrete series rep¬ 
resentations. Using this, we see how the highest weight modules behave as the parameter 
A goes small, following the arguments in j6f and [IS]. 

For example, when G = Sp(r, R) and V = V^_,_|_ £fe with k = 0,1,..., r— 1, by 

Theorem 14.21 the norm II • IK t v is written as 

y- nJ.ih-10-D) , l|2 

kG{0,l} r 5 |k| = 
m+kEZ^j_ 


rij=l (A 2 ^ ^)) m-j+k-j 


I m.k | 




e H- \-e k 


Frf 1+ . 


'+ e k 


X 

mGZ; 


'++ 


for A > r, where / m .k is the orthogonal projection of / onto U 2 '^ +k . Then as in [7, 
Theorem XIII.2.41, the reproducing kernel K\ T v is written by the converging sum 

’ eiH- 


K 


A ,T, 


eiH-hefc 


( 2 >™) = ^ X) 

mez; + kG{0,l} r ? |k|=fc 
m+kEZ^ 


n;=, (> - io - 1 )) 


rrij-\-kj 


n‘„ (a - \u - 1 )) 




where K m ^(z, to) is the reproducing kernel of l^m+k w ibli respect to the Fischer norm 
J| • ||p v • This is continued analytically for smaller A, and by [2 Lemma XIII.2.6], 

this is positive definite if and only if each coefficient is positive, that is, 


A € 


f k k + 1 
\ 2 ’ 2 




The positive definite function automatically becomes a reproducing kernel of some Hilbert 
space FL\{D , V), and this FL\{D , V) gives the unitary representation of G. Conversely, if 
there exists a unitary subrepresentation FL\(D,V) C 0(D,V ) for some A € R, then its 
reproducing kernel is automatically proportional to K\ T v (z, w) by the arguments 
in Section T3. 11 and thus the above condition on A is precisely the necessary and sufficient 
condition for unitarizability. Using this idea, we get the following result. 

Theorem 6.1. (1) When G = Sp(r, R) and V = Vf / 1+ ... +£k with k = 0,l,...,r — 1, 

(t\, 0(D,V)), originally unitarizable when A > r, contains a non-zero unitary sub- 
module V) if and only if 


A e 


k k + 1 
2 ’ 2 


r — 1 


U 


r — 1 


, oo 
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(2) When G = SU(q, s) and V = CB with k € Z^ + (jfe, / 0, k i+1 = 0, l = 
0,..., s — 1), (t\. 0(D, V)), originally unitarizable when A > q + s — 1, contains a 
non-zero unitary submodule R\(D, V ) if and only if 

A€ {/, l + 1,..., min{g + l, s} — l} U (min{g + l,s} — 1, oo). 

(3) When G = SO*(2s) and V = VX. 0 with k = Z>o, (t\, 0(D,V)), originally 
unitarizable when A > 2s — 3, contains a non-zero unitary submodule R\(D,V) if 
and only if 


A G 


'{0,2,4,... ,2 ([§] -1)}U (2([§J — l) ,oo) (fc = 0), 
{2,4,..., 2 (|~|] — l)} U (2 ([|] — l) , oo) (k> 1). 


(4) When G = SO*(2s ) and V = V(k/ 2} ...,k/ 2 ,-k/ 2 ) with k = z >o> ( r A> ^(D, V)), origi¬ 
nally unitarizable when A > 2s —3, contains a non-zero unitary submodule R\(D, V) 
if and only if 

A G {s — 2} U (s — 2, oo). 

(5) When G = Spino(2,n) and 

_ f Cfc Kl (k = 4Z> 0 ) (n : even), 

\ C k MV( kt _ jkik) (k = 0,4) (n : odd), 

( t\, 0(D,V)), originally unitarizable when A > n — 1, contains a non-zero unitary 
submodule R\(D, V) if and only if 


A G 


{0, U (% 2 ,°o) (k = 0), 
{^}u(^,oo) (k > \). 


From the explicit norm computation, we can also determine completely when the 
representation is reducible, and get some informations on the composition series, as in 
[ 181 . We denote the it-type decomposition of 0(D, V)k = R(p + , V) by 

r(p + ,v) = Q)w m , 

m 

and for / G W m we denote the ratio of norms by ||/||f T /||/||^ T =: R m ( A), so that 

(/,<?> x,t = J2 R-m ( A ) (fm j 9m) F,t- 
m 

If A is not a pole for all R m ( A), then the above sesquilinear form is well-defined, and non¬ 
degenerate for our cases because the numerator of each R m ( A) is one. From this we can 
show (dr\, V(p + , V)) is irreducible, because if V(p + ,V) has a proper submodule M, then 
its orthogonal complement M ^ also becomes a submodule, and both M and M ^ contain a 
p + -invariant vector i.e. contain the minimal ii-type V, which is a contradiction. We note 
that in our cases the sesquilinear form is always definite on each /i-isotypic component, 
and thus is precisely a complement vector space. 

On the other hand, if A is a pole for some R m ( A), then (dr\, V(p + , V)) is reducible. 
In fact, for j G N and A G R we define Mj( A) as the direct sum of W m ’ s such that R m ( A) 
has a pole of order at most j at A. Then the sesquilinear form 


lim (A' - A ) J (f,g)y,7 

A'-»A 


( 6 . 1 ) 
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is (g, A")-invariant under the representation dry on Mj( A), which vanishes on M/_i(A). 
Thus Mj is a (g, K )-submodule of V(p + ,V). Clearly M ? (A)/M ? _i(A) is infinitesimally 
unitary if the sesquilinear form (16.111 is definite. This gives the following theorem. 

Theorem 6.2. (1) When G = Sp(r, M) and V = V^+...+ £fc with k = 0,1,... , r — 1, for 

A G M and j = 1,2,..., r, we define 

Mj( A):= © C k CP(p + ,h). 

7?T>j ~\~kj 2 A+ 

Then (dry, V(p + , V)) is reducible if and only if A < ©- and A G |Z. /n f/iis case 
we have the sequence of submodules 

{0} C M a (A) C M a+2 (A) C • • • C M b (A) C T>(p+, V), 

where 

2A + 1 (§ < A < ©), 

a _ 2A + 3 (0<A<©), b _f r ~ 1 (2A = r mod 2), 

1 (A < - j, A 6 Z), |r (2A ^ r mod 2). 

2 (A < A G Z + |), 

M 2A+1 (A) (A = §, ©) and "P(p+, V)/M r (X) (A < ©, 2A # r mod 2) are 

infinitesimally unitary. 

(2) When G = SU(q, s) and V = C IE1 with k G Z^_ +; for A € M and j = 1, 2 ,s, 
we define 

A):= © < m ^ )V K^ s) ClP(p + ,y). 

Then (dr\, V(p + , V)) is reducible if and only if A < minjg + i,s} — 1, A G Z and 
f/tere is no j = g + 1,..., s such that X = j — kj = j — hj-q+i holds. In this case we 
have the sequence of submodules 

{0} C Af a (A) C M a+1 (A) C • • • C A4(A) C A(p + , F), 


where 


a = 



(j ~ kj < X< j - k j+1 ) (1 < j < min{g + l, s} - 1), 

(A < —fei), 


and b = s if q > s, 


b 


min {(7 + l , s} 

< j 


u 


(minjq + Z, s} - /c min {z, s -q} < A < min{<? + l, s} - 1), 

(j - kj- q < A < j - kj-q+i) (q + l<j< min{g + l, s} - 1), 
(A < q - h) 


if q< s. 

Ifq>sork = 0, then Ady +1 (A) (A = l, 1+ 1,... , min{g, s}—1) andT’(p + , V)/ M m ^ q s y(X) 
(A < min{( 7 , s} — 1, A € Z) are infinitesimally unitary. 

If q < s and k 7 ^ 0, then Ady + i(A) (A = 1,1 + l,...,min{g + l,s} — 1) and 
V(p + ,V)/M min{q+bs} (X) (min{<j + l, s} - k min{bs _ q} < A < min{g + 1, s} - 1, A G Z) 
are infinitesimally unitary. 
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(3) When G = 50*(4r) and V = Vfi. 0 ^ with k = Z>o, for A G M and j = 1,2,, r, 

we define 

Mj(\) \= (J) V (m 1 +it 1 ,mi,...,m r +/c n m r ) C ^(P + i^)- 

rrij -\-kj<2j—X—l 

Then (dr\, V(p + , V)) is reducible if and only if A < 2r — 2 and A 6 Z. In this case 
we have the sequence of submodules 

{0} C M a { A) C M a+1 (A) C • • • C M r (A) C P(p + , V), 

where 

7H+1 (3 < A < 2r — 2), 

a = 2 (—fc + 1 < A < 2), 

,1 (A <-k). 

Mx,, (A) (A = 2,4,..., 2r - 2 if k > 1, A = 0,2,..., 2r - 2 if k = 0) and 
'P(p + , V)/M r (X) (A < 2r — 2, A £ Z) are infinitesimally unitary. 

(4) When G = 50* (4r) and y = y^, 2 fe , 2 _ k / 2 ) k = Z>o, for A 6 I and j = 

1.2.. .. ,r, we define 

M jW '■= © V (m 1 ,m l -k 1 ,...,mr,mr-kr)+{k/2,...,k/2) C'P(p + ,V). 

mj—kj+k<2j—\—l 

Then (dr\,V( p + ,y)) is reducible if and only if A < 2r — 2 and A £ Z. In this case 
we have the sequence of submodules 

{0} C M a (A) C M a+1 (A) C • • • C M r (A) C P(p + , y), 

where 

r (2r — 3 — k < A < 2r — 2), 

a=<r A 2^1+ 1 (—+ 1 < A < 2r — 4 — &), 

.1 (A<-fc). 

M r (2r — 2) and "P(p + , V)/M r { A) (A < 2r — 2, A £ Z) are infinitesimally unitary. 

(5) When G = 50* (4r + 2) and V = V^ kQ with k = Z>o, /or A £ R and j = 

1.2.. .., r + 1, we define 

'■= (J) V tL 1 +k 1 ,m 1 ,...,m r +k r , mr ) C ^(P + ^) 0 = i, • - - , r), 

m j -\-kj <2j—X—l 

Mr+ l(A) := © V (L 1 +ki,mi,...,mr+kr,m r ) C ' P (P + '> V )- 

k r +i<2r— A+l 


{ 2r (A: > 1) 
2r 2 (fix. = 0) 

(r, A) (1, — k + 1). In this case we have the sequence of submodules 


, A € Z and 


{0} C M a (A) C M a+1 (A) C • • • C M 6 (A) C p(p+, y), 
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where 


a = < 


frti+i 

2 

1 


(3 < A < 2r), 

(—fc + 1 < A < 2), 
(A < -A:), 


6 


r + 1 (2r + 1 — k < A < 2r), 
r (A < 2r — /c). 


If k = 0, then M\, , (A) (A = 0, 2,... , 2r — 2) anti "P(p + , V)/M r ( A) (A < 2r — 2, A G 
Z) are infinitesimally unitary. 

If k > 1, then M\ , 1 (A) (A = 2,4,, 2r) anti P(p + , V)/M r+ i(A) (2r + 1 — it < A < 
2r, A £ Z) are infinitesimally unitary. 


(6) When G = 50* (4r + 2) anti 14 = k/ 2 -k/ 2 ) ^ = ^>0; / or A £ I and 

j = 1,2,..., r + 1, we define 


Mj(X) (J) V (L 1 ,m 1 -k 1 ,...,m r ,mr-k r )+(k/2,-,k/2) C ^(P + >^0 C? ~ 

mj—kj + k < 2j— A— 1 

Mr+ l(A) := 0 ^(nn ,mi—ki,...,m r ,m r —kr)+(k/2,...,k/2) <7V(p + ,V). 

k—k r +i<2r —A 


T7ien (tirA, P(p + , F)) is reducible if and only if X < 2r — 1, A G Z anti A / 2r — A: — 1 . 
In this case we have the sequence of submodules 


{0} C M a ( A) C Ma+i(A) C • • • C M 6 (A) C V(p + , 14), 


where 


(' a,b ) 


(r + 1, r + 1) (2r — k < A < 2r — 1), 

<(f^]+l,r) (-fc + 1 < A < 2r-2-A:), 
k (l.r) (A < —A:). 


M r+ i(2r—1) and V(p + , V)/M r+ \(X) (2r —fc < A < 2r — 1, A G Z) are infinitesimally 
unitary. 


(7) When G = Spino(2,2s ) anti V r = C& Kl V(fc,...,/c,±fc) wii/t A; = ^Z>o, /or A G R anti 
/ = 1,2, we define 


Mi(A) @ C mi+m2+ fc IEI 14( mi _ m2+ ; ! fc i ... i fc i= i-i) C P(p + ,14), 

mi+fc+/<l—A 

M 2 (A) := © Cm 1 +m 2 +fe ^ ^(mi- ni2+l,k,...,k,±l) © ^(P 

m2+k—l<^—\ 

Then (dr\, V(p + , V )) is reducible if and only if A < s — 1 anti A G Z. In this case we 
have the sequence of submodules 

{0} C M 2 (A) C P(p + , 14) (1 — 2A; < A < s — 1), 

{0} C Mi (A) C M 2 (A) C V(p + , V) (A < —2k). 


M 2 (s— 1), Mi(0) (only when k = 0), and V(p + , V)/M 2 (A) (A < s — 1, A G Z) are 
infinitesimally unitary. 
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(8) When G = Spino(2,2s + 1) and V = C& IEI V( k ^ with k = 0, for A £ I and 
j = 1, 2, we define 

Mi(A) := (J) C mi+m2+k IE C V(p+,V), 

M 2 (A) := © ^~'m\+m 2 +k ^ ^(mi- m 2 +l,k,...,k,\l\) ^(P , ^)- 

m-2+fc—/<§ — A 

TTien (dry, 'P(p + , V)) is reducible if and only if A < s — ^ and A £ Z + i, or A < — 2k 
and A £ Z. In this case we have the sequence of submodules 

{0} c M 2 (A) c P(p + , K) (A < s - i A € Z + i), 

{0} C Ml (A) C P(p + , K) (A < -2fc, A E Z). 

M 2 (s — i) ; Mi(0) (only when k = Q), and V(p + , V)/M 2 (A) (A < s — A E Z + i) 
ore infinitesimally unitary. 

By (IS Lemma 4.8], we can determine the associated variety of each subquotient 
module by comparing the asymptotic K -support of each subquotient module and (12.31) . 
In fact, we have 


V 0 (M, + 1 (A)/M I(ori _ 1 )( A)) = {| = p+ = 

v a (v(p+,v)/M b{orr) (\)) = o;=p + , 

where we set Mq(X) = M_i(A) = {0}, Oi are defined in (12.21) . and r = ranks G. These 
and (12.41) give the Gelfand-Kirillov dimension of each subquotient module. 


DIM(M; +1 (A)/M; (or z_ 1) (A)) 
BIM(V(p + ,V)/M b (or r) (A)) 


4- \l(2r — l — 1 )d + lb 
+ \r(r — l)d + rb = n 




(Z = 0,1,..., r — 1), 

(l > r ). 


Also, we can show that the smallest submodule M a ( A) is irreducible in any case, by 
the same argument for the irreducibility of V(p + ,V) for A generic case. However, we 
cannot determine whether the other subquotient modules are irreducible or not, by the 
norm computation, and we need some other techniques to determine the full composition 
series, such as the techniques used in e.g. on, m, ezi, °r m. 
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